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PREFACE TO THE FIRST EDITION. 



Improvement in science is frequently very slow, being retarded 
either by ignorance or prejudice, both of which too often prevail 
among those who have the best opportunity of making practical 
observations. Mechanics, in general, conduct their operations 
according to a certain routine, which they have acquired by 
experience; and as they are little versed in theory, or the 
mathematical principles of what they profess, they seldom think 
of going beyond the beaten track in which they have been 
accustomed to move. Some of our greatest engineers, indeed, 
have been men of no education;* tney attained to eminence 
merely by the natural force of their genius, and of course were 
liable to fall into mistakes, which the man versed in mathe- 
matical knowledge could either rectify or avoid. We need not 
therefore be surprised that the proper formation of the teeth of 
wheels, which is of so much importance in mechanics, should 
have been so much overlooked and neglected as they are found 
to be. 

The perfection of the most simple as well as the most com- 
plicated engines, depends greatly upon the due action of the 
teeth of the wheels with each other, or, in other words, on the 
best form for ensuring their proper action with the least friction, 
and of course with the least wear and loss of power. 

It is needless here to state of what vast consequence the 
numerous and immense machines are to the manufactures of 
this country, or what prodigious sums of money are involved 
therein. It is therefore of great importance that the best form 
for the teeth of wheels should be ascertained on true mathe- 
matical principles, and that they should not be left, as is too 
much the case, to the random guesses of workmen. If tlie teeth 
of wheels be properly constructed, the work is more equably 
performed, and of course is better done ; less force or moving 
power is requisite, or, more work may be done with a given 

Sower; ana, to crown all, the whole machinery has greater 
urability, consequently costs less for repairs, and occasions less 
loss of valuable time, by not being so frequently obliged to stand 
still. Now the saving of power, of expense, and of time in 

♦ Of this we have an instance in the celebrated Brindley. 

b2 
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repairs, are objects by no means to be ligbtly tbougbt of. 
Under such impressions, an intelligent and ingénions friend 
advised the publiôher to procure a translation of that part of 
M. Camus's ** Cours de Mathématique," which treats on the 
best form of the teeth of wheels, as being scientifically handled, 
and on true mathematical principles. 

M. Camus having gone through the subject of the proper 
form for the teeth of wheels, goes on to describe the art of 
finding the number of teeth and leaves which ought to be given 
to wheels and pinions, and likewise the application of these 
principles to trams of wheel-work in general, an operation which 
in clock and watch-work is called caliberinç, as it likewise de- 
termines the diameters of the wheels and pinions. 

Of M. Camus it may not be uninteresting to say, that when 
only twelve years of age, his progress in science was so great, that 
he was able to give lectures on the mathematics at Paris ; and 
at an early period he attained the highest academic honours of 
his own country and of most foreign Academies. In 1765 he was 
elected a Fellow of the Eoyal Society of London. He died in 
the year 1768, aged 69. As a geometrician and a mathemati- 
cian he was eoualled by few: he was the author of various 
works on the different branches of mathematics, the principal of 
which is the " Cours de Mathématique," from which the present 
sheets have been selected. The otner parts of the same work 
are not less important, whether considered on, account of the 
subjects themselves, or of the method in which they are handled. 
If this part should meet with suitable encouragement from the 
public, it may lead to a translation of the entire work. 

There requires little or no apology for translating the present 
work ; for, although the subject is so important, very little has 
been published upon it in this country. It is therefore hoped that 
this tract will be found highljr useful to mechanists in general, 
and to all persons concerned m wheel-work in particular. 

' How far the translator has succeeded in rendering it clear 
and perspicuous, is not his province to determine : he flatters 
himself that he has conveyed the author's meaning in such a 
manner as to be readily understood by those who are in the 
least acquainted with mathematical science ; and if his labour 
proves useful, he shall think the pains he employed on it well 
bestowed. 



THE EDITOR'S 

PREFACE TO THE SECOND EDITION. 



Always feeling annoyed at meeting with a long preface to a 
book — ^labouring, as it were, to beget a prepossession in favour 
of the author, and standing between the reaider and the subject^ 
like an impertinent porter, who detains a visitor at the gate, 
instead of giving him admission to the presence of the master, 
— ^the editor will confine himself to two pages of preliminary 
remarks, on the qualifications which the reader must bring witn 
him, in order to bis understanding the investigations and de- 
monstrations of the author ; and to give some information 
respecting the arrangements of the work, and on the tables 
used in the calculations. 

In regard to the qualifications, it is necessary that the 
student be acquainted with such common characters and terms 
used in algebra, and in trigonometry, as are to be easily learned 
from booÈ containing the elements of mathematics, one of 
which may be purchased for sixpence at most of the book stalls. 

And, that he should possess a determined resolution to pro- 
secute the mathematicfid investigations of the subject, with 
patient and persevering industry ; and, if he be a workman, 
he should feel persuaded, that to be enabled to unite theory 
with practice, would greatly enhance his value, and would give 
him a better chance of employment in his old age, by disposing 
and assisting him to follow the stream of improvement, which . 
must conste^tly accompany the universal progress of the human 
mind. 

The properly qualified student will be delighted to find, 
that in Camus notldng is assumed, his progress being marked 
by a steady and sure making good of every step as he advances ; 
and, in proceeding onwards, his mind will feel itself on secure 
footing. 

In respect to the arrangement, it has been deemed expedient 
to invert the order observed in the first edition, where the 
" additions " were given before the work itself, to which it cur- 
ported to be additional ; and, therefore, in this second edition^ 



VI PREFACE TO THE SECOND EDITION. 

Camus is placed according to his rank, at the head of the work, 
and the "additions" given in an Appendix, together with some 
observations tending to eradicate the errors propagated by those 
" additions," and to set at rest a controversy which has subsisted 
for the last thirty years, among mechanists, on the proper 
generating circle of the epicycloid, for forming the teeth of 
wheels. 

The Appendix also treats of the involute curve in a more 
practical manner than has heretofore appeared ; and some ex- 
periments are detailed, calculated to throw light on the pro- 
perties of that curve, and to lead to its more frequent use ; and 
three plates are added, to exemplify the two curves, and to 
direct the workman in forming them. Thus the whole number 
of plates is eighteen, namely, fourteen plates, numbered at the 
upper right-hand corner, from 23 to 36 inclusive, being the 
same numbers as in the original from which they are copied. 

The next plate, 37, is that which was numbered 1 in the first 
edition. Numbers 38, 39, and 40, are the three ne\^ plates. 

All the plates are also numbered at the lower right-hand 
corner, from 2 to 19 ; the omission of number 1 being occasioned 
by its removal to the situation of number 16, for reasons given 
in the Appendix. Plate 23, according to the upper numbers, 
or 2 according to the lower, is therefore the first plate in the 
series. The references are all made to the upper numbers. 

The tables used by Camus, in his trigonometrical calcula- 
tions, are those of natural sines, tangents, and secants, that is to 
say, the numbers given are decimal parts of radius, as fre- 

Îuently used in France, and commonly published among the 
'rench mathematical tables, but seldom resorted to in England, 
and hence seldom published; the practice here being usually 
confined to the artificial, or logarithmic sines, tangents, and 
secants ; dispatch being more the order of the day in England 
than in France. 

A very extensive set of tables of natural sines, tangents, 
secants, and versed sines, form a part of Dr. Charles Hutton's 
mathematical tables, to which the student may refer to verify 
Camus's calculations ; or he may work with the artificial 
logarithmic tables, and arrive at the same result in less time. 

THE EDITOE. 



ON 



THE TEETH OF WHEELS. 



On the best Fokm which can be given to the Teeth 
OF the Wheels of a Machine. 

519.* A Machine which does not go uniformly, and whose 
parts make variable efforts on each other, when a force con- 
stantly equal is applied to it, requires, in order to go and to 
overcome a given resistance, that there should be applied to it a 
power, the absolute force of which mav decrease or increase, 
according to the situations, more or less iavourable, of the pieces 
of which it is composed ; and if it be required, that the force 
applied to this macnine should be constant, the power ought to 
be capable of moving it in the most disadvantageous situation 
of its parts. Hence tiie force which would be sufficient to move 
a machine in a mean situation, between the one most' favourable 
and the one least favourable to its parts, would not be sufficient 
to make it go in all situations possible. On the other hand, a 
machine, the parts of which, in regard to each other, are con- 
tinually in situations equally advantageous, will always go, when 
there is applied to it a mean moving power, which would be 
incapable of keeping the former in motion in all the situations 
which might be given to its different parts. 

We may therefore consider as the best form that can be 
given to the teeth of the wheels of any machine, that which will 
cause these teeth to, be always, in regard to each other, in 
situations equally favourable ; and which, consequentlv, wiU 
give the machine the property of being moved uniformly by a 
power constantly equal. 

If teeth infinitely small could be given to wheels, their 
engagement, which might be considered as simple contact, 
would have the required property ; since the wheel and small 

* The foUowing sheets being only part (Books X. and XI.) of 3f. Camtft* Caun 
de Matliématique, it has been thought advisable to preserve the same numb^s to 
the chapters, divisions, references, and plates, as are to the original, in order to 
fitcilitate any comparison an inqnisitive reader may wish to make. 
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cylinder, which in future I shall call pinion, have both the 
same tangential force ; that is to say, the same force to turn 
when the motion is communicated from the one to the other by 
mere contact, or by the engagement infinitely small of the parts 
of their circumferences. The finite and sensible teeth made in 
those wheels and pinions will then be of that form required, 
when the wheel moves the pinion or the pinion moves the 
wheel, in the same manner as if the wheel and pinion only 
touched each other. 

Definitions. 

520. When two toothed wheels (fig. 169) act in each other, 
the larger is called a wheel, and the less a pinion. In water 
mills the toothed wheels are called, in French, rouets ; because 
they are smaller than the water wheel, which is called simply 
whed {roue). 

In small machines, the smaller wheels are generally made of 
one piece, which is divided into several equal parts to form 
teeth : such small wheels are called pinions. 

In large machines, instead of pinions of one piece, several 
cylinders. A, B, C, D, E, &c. (fig. 170) are inserted, at equal 
distances, parallel to each other, in round pieces of wood, F, G. 
This assemblage is called a lantern, and the round pieces of 
wood, F, G, are called, in French, tourtes or tourteaux (in 
English, cheeks or heads). 

As pinions and lanterns differ only in their form, and may 
be employed indifferently for the same purpose, when the 
engagement of two wheels is spoken of in general, lanterns will 
be comprehended under the general name o{ pinion. 

The teeth of wheels and of pinions are called in general, teeth. 
In small machines, where the teeth are of the same piece with 
the body of the wheel, they are called properly teeth. In large 
machines, where the teeth are each made of a separate piece of 
wood, they are called coffs. The teeth of pinions, when of 
the same piece with the body of the pinion, are called leaves; 
when they consist of cylinders, arranged in circular pieces of 
wood, so as to compose a lantern, they are distinguished, by the 
names of rungs, staves, rovmds, or roundles. As the rungs of a 
lantern perform the office of teeth, and the cogs of wheels, and 
the leaves or wings of pinions, are real teeth, when we speak of 
engagement in general, we shall comprehend under the name of 
teeth, teeth properly so called, cogs, the leaves or wings of 

{unions, and the rungs of lanterns ; and we shalLuse the terms 
eaves and rungs only when we speak of pinions, properly so 
called, or of lanterns in particular. 

The right line BF, drawn through the centres B, F (fig. 169, 
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171), of a pinion and a wheel, which act in each other, is called 
the Une$ of centres. 

When the line of centres BF is divided into two parts, AB 
and AP, proportional to the number of the teeth of the pinion 
and the wheel, these two parts are called the proportional radii. 
Or the primitive radii of the pinion and the wheel ; and if from 
the centres B and F there be described, with the primitive 
radii, two circles X and E, these circles will represent a pinion 
and a wheel, which will touch each other in the point A, ^ere 
the line of centres has been divided, and be the pinion and 
wheel which ought to be taken, were they to have teeth infi- 
nitely smaU, or were they to move each otner by contact alone. 
These circles X and E, the radii of which AB and AF are pro- 
portional to the numbers of the teeth of the pinion and the 
wheel, will be called the primitive pinion and wheel. 

The straight lines Bl and FQ (fig. 169), drawn from the 
centres of the pinion and the wheel to the extremity of their 
teeth, will be called the trite radii of the pinion and of the wheel. 

It will be seen hereafter, that in pinions which have few 
leaves or rungs, as 5, 6, 7, 8, and even 9, the true radius ought 
always to be greater than the primitive radius ; and that in 
pinions which nave a greater number of teeth, the true radius 
and the primitive radius may be of the same size. It will be 
seen also, that the true radius of a wheel ought to be greater 
than its primitive radius ; because the primitive radii are the 
radii which the pinion and wheel would have, did they merely 
touch each other, and were the engagement of the wheel and 
the pinion to take place according to the elongation of the 
primitive radii of these two pieces, or according to the elonga- 
tion of one of them. 

Theorem. 

521. Let BF (fig. 172, 173, 174, 175, 176, and 177) be 
the line of centres of a wheel and pinion, which act in each 
other. Divide this line into two pails, AB and AF, propor- 
tional to the number of the teeth of the wheel and pinion ; and 
with the radii AB and AF, describe the primitive wheel and 
pinion. If through the point E, where the tooth of the wheel 
meets with that of the pinion, there be drawn a straight line 
HI, perpendicular to the common tangent of these two teeth, or 
to the curvature of one of them, and if this perpendicular meet 
with the line of centres in any point K, we shall have this pro- 
portion. 

The force with which the circumference E of the primitive 
wheel will turn, and would move the circumference X of the 
primitive pinion, did it move it by the point of contact A, 
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Is to the force with which the circumference of the primitive 
pinion will tum^ when the teeth of the wheel move it by the 
point Ey 

As the product of AB x KF, 
Is to the product of KB x AF. 

Demonsiraéion. 

Let R represent the force of the circumference of the 

f)rimitive wheel, and let P denote the force which the circum- 
erence X of the primitive pinion will have when the tooth of 
the wheel moves it by the point E : it is required to demon- 
strate that we shall have this proportion : 

E : P : : AB X KF : KB X AF. 

Since the tooth of the wheel and that of the pinion touch in 
the point E, the force of the wheel will be communicated to 
the pinion in the point E, in the direction of the line lEH, 
perpendicular to the common tangent of the two teeth. But if 
from the centres F and B of the wheel and pinion there be 
drawn two lines, FI and BH, perpendicular to the straight line 
HI ; and if I be called the force with which the point I of the 
wheel will turn ; as HI wiU be a tangent to the circle which 
might be described by the point I on the plane of the wheel, 
the force I of that point will be communicated to the pinion by 
the point E, in the direction lEH. But lEH being perpen- 
dicular to the straight line BH, drawn j&om the centre B of the 
pinion, it will be the tangent also of the circle which has BH 
for radius, and the force I being communicated to this circle by 
the tangent IH, will be the force with which the point H wiÛ 
turn. 

The letter R having been assumed to represent the force 
with which the circumference of the primitive wheel or the point 
A will turn, and the letter I denoting the force of the point I 
in the plane of that wheel, we shall have R : I : : IF : AF. 

Since the letter I represents also the force with which the 
point H of the pinion will turn, and as P denotes the force with 
which the circumference X, or the point A of the primitive 
pinion will turn, in consequence of the force I with which the 
point H of the pinion turns, we shall have I : P : : AB : HB. 

Multiplying the two last proportions in their order, we shall 
have, R : P : : AB X IF : AF X HB. 

But the right angled triangles KFI and KBH being similar, 
give IF : HB : : KF : KB 

And AB : AF : : AB : AF 
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Hence^ if these two proportions be multiplied in order, we 
shall have 

ABxIF:ÀFxHB::ABxKF:KBxAF 

Then, since R : P : : AB x IF : AF x HB 

We shall have also R : P : : AB x KF : KB x AF Q. b. d. 

Corollary I. 

522. We have supposed in this theorem that the wheel 
drives the pinion (%. 172, 173, 174, 175, 176, 177); but it is 
evident that the case will be the same when the pinion drives 
the wheel. If P then be the force with which the circumfer- 
ence of the primitive pinion makes an effort to turn, such a 
force for turning R will be produced, at the circumference of 
the primitive wheel, that we shall have P : R : : KB x AF : 
AB : KF. 

Corollary II. 

If the point K (fig. 173, 176), where the straight line HEI 
meets with the line of centres, be between the centre of the 
wheel and the point A, where the primitive wheel and the pri- 
mitive pinion touch each other, we shall have KB > AB and 
AF > KF ; consequently KB x AF > AB x KF. But it has 
been found that R : P : : AB x KF : KB x AF ; we shall there- 
fore have P > R ; that is to say, the circumference of the pri- 
mitive pinion will turn wilii more force than the circumference 
of the primitive wheel, whether the wheel drive the pinion or 
the pinion the wheel. 

Corollary III. 

524. If the point K, where the straight line HEI (fig. 172, 
175) intersects the line of centres, be between the centre B of 
the pinion and the point A ; where the primitive circles of the 
wheel and pinion touch each other, we shall have AB > KB and 
KF > AF ; consequently AB x KF > KB x AF : and as it 
has been found that R : P : : AB x KF : KB x AF, we shall 
have R > P ; that is to say, the circumference of the primitive 
wheel will turn with more force than the circxmiference of the 
primitive pinion. 

CoroUary IV. 

525. When the point K (fig. 174, 177), where the straight 
line HEI intersects flie line of centres, coincides with the point 
A, which separates the two primitive radii of the wheel and 
pinion, we shall have AB = KB and KF = AF ; consequently 
AB X KF = KB X AF, since each of these products will 
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become AB x AF; and as- we have R: P: : AB x KF: 
KB X AF, we shall have R = P ; that is to say, the circum- 
ference of the primitive wheel and that of the pnmitive pinion 
will turn with the same force, whether the wheel drives the 
pinion or the pinion the wheel. 

Corollary ' V. 

526. It has been abeady said, that we may consider as the 
best figures which can be given to the teetn of wheels and 
pinions, those which cause the wheel and pinion to have at their 
circumference the same force for turning ; because in this case 
the wheel and pinion move each other in the same manner as if 
they merely touched. But it has been seen, in the last corol- 
lary, that the wheel and pinion will have, at their primitive 
circumferences, the same force for turning, when the straight 
line HEI (fig. 174, 177) drawn through the point of contact E 
of two teeth, perpendicular to their curvature, passes through the 
point A, which separates the two primitive radii of the wheel 
and the pinion. We ought, therefore, to consider as the best 
forms which can be given to the teeth of wheels and pinions, 
those which act in each other in such a manner, that the line 
perpendicular to the parts which touch, may always pass through 
the same point A, where the primitive radii of the wheel and 
pinion terminate in the line of centres. 

Corollary VI. 

527. The point K then (fig. 173, 176), where the line of 
centres will be intersected by the straight line HEI, will fall 
within the wheel, when the circimiference of the primitive pinion 
turns with more force than that of the primitive wheel ; for it 
has been seen (524) that if the point K were within the pinion, 
the circumference of the wheel would turn with more force than 
that of the pinion ; and (525^ that if the point K were in the 
point A, the primitive circumferences of the wheel and pinion 
would turn with equal force. 

We shall prove, in the like manner, that the point K will be 
within the pinion (fig. 172, 175) when the circumference of the 
primitive pmion turns with more force than that of the primi- 
tive wheel. 

In the last place, we shall prove also, that the point K (fig. 
174, 177) will coincide with the point A^ when the primitive 
circumferences of the wheel and pinion turn with equal force* 

Bemark, 

528. As the force which the circumference of the primitive 
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pinion has for turning (fig. 137, 176) is greater than that with 
which the circumference of the primitive wheel turns, when the 
point K, where the straight line HEI cuts the line of centres, is 
within the primitive wheel, it will perhaps be said that, in the 
case where the wheel moves the pinion, it will be advantageous 
to give to their teeth such a form that in touching, the perpen- 
dicular HEI may meet the line of centres within the wheel (fig. 
172, 175). It will be said also, perhaps, that it will be advan- 
tageous to give to the teeth such curvatures, that the straight 
line HEI, drawn through the point of their contact, perpen- 
dicular to their curvature, shall intersect the line of the centres 
in a point K, situated within the primitive pinion ; because the 
circumference of the primitive wheel will then turn with more 
force than that of the pinion. 

This objection would be valid, were it possible, in all 

S^sitions of the wheel and pinion, to cause the straight line 
EI, perpendicular to the parts of the teeth which touch each 
other, to meet always with the line of centres within the 
primitive wheel when the wheel moves the pinion ; and always 
to cut the line of centres within the primitive pinion when the 
pinion moves the wheel ; but this is impossible ; and it is easily 
shown, that if in any positions of the teeth of the wheel and 
pinion the line HEI, perpendicular to the contact of those 
teeth, cuts the line of centres ^dthin the wheel, there will 
necessarily be other situations of the teeth in which the per- 
pendicular HEI wiU cut the line of centres within the pinion ; 
and, reciprocally, if there be positions of the teeth in which 
the perpendicular HEI cuts the line of centres within the 
pinion, there wiU be others in which the same perpendicidar 
will meet with the line of centres within the wheel. If any- 
thing, therefore, be gained by making the perpendicular HEI 
cut the line of centres within the primitive wheel or within the 
primitive pinion, something will afterwards be lost when the 
perpendicular HEI cuts the line of centres within the primitive 
pimon or the primitive wheel ; so that a less constant power 
will be necessary to cause the pinion to be moved by the wheel 
or the wheel by the pinion, when the perpendiculetr HEI always 
cuts the line of centres in the common term A of the primitive 
radii of the wheel and pinion, than when this perpendicular 
does not constantly pass tnrough the point A ; a demonstration 
of this truth wUl be seen hereafter (534). 

Theorem. 

529. The line of centres BF (fig. 172, 173, 174, 175, 176, 
177), being divided into two parts, AF and AB, proportional to 
the number of the teeth of the wheel and the pinion, as in the 
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preceding theorem, so tliat AF and AB shall be the primitive 
radii of the wheel and pinion, and if a straight line HEI be 
drawn through E, the point of contact of the teeth, perpendi- 
cular to their common tangent, so as to meet with the line of 
centres in any point K, we shall have this proportion : 

The velocity with which the circumference E of the primi- 
tive wheel will turn and move the circumference X of the 
primitive pmion, if it moves it by mere contact, 

Is to the velocity with which the circumference X of the 
primitive pinion will turn, when the teeth of the wheel move it 
m the point E, 

As the product KB x AP 
Is to the product AB x KF. 

Demonstration. 

Let V represent the velocity of the circumference of the 
primitive wheel, or the space passed over by a point of that 
wheel in an instant, and let v be the velocity of the circum- 
ference of the primitive pinion, or the space passed over by a 
point of its circumference, while a point of the circumference 
of the primitive wheel passes over the space V. It is here to 
be demonstrated, that we shall have Y : v : : KB x AF : AB 
xKF. 

Through the centres F and B of the wheel and pinion draw 
FI and BH, perpendicular to the straight line HEI, which will 
then be a tangent to the two circumferences described with the 
radii FI and BH. This straight line, therefore, will be the 
common direction of the infinitely small spaces, which will be 
described in the same time by the points I and H ; because the 
infinitely small arc which may be described by these points 
will be confounded with their tangents. Moreover the small 
spaces passed over in the same time by the points I and H will 
be equal ; since the point H will proceed in the same direction 
as the point I, through which it is supposed to be impelled 
by means of the right bne IH ; and it is evident that two bodies, 
one of which impels the other, have the same velocity when 
they pursue the same direction. Hence, if I represent the 
velocity which the plane of the wheel has in the point I, I will 
be the velocity also of the point H of the pinion. 

The arcs described by the two points A and I, attached to 
the -plane of the same circle E, will be similar, and consequently 
proportional to the whole circumferences which these points 
can describe ; and these circumferences will be proportional to 
their radii AF and IF. Therefore, since V represents the velo- 
city of the point A, or of the circumference R, and I that of the 
point I, we shall have V : I : : AF : IF. 
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For the same reason, the spaces passed over by the points 
H and A, attached to the pinion, will be proportional to their 
distances HB and AB from the centre of the pinion ; and as I 
is the space passed over by the point H or the velocity of that 
point, and as v represents the velocity of the point A of the 
pinion, we shall have this proportion I: v :: HB : AB. 

Now if we multiply these two proportions in order, we shall 
Lave V : V : : AF X HB : IF X AB. 

But the similar right angled triangles KBH and KFI will 
give, 

HB : IF : : KB : KF 
And AF : AB : : AF : AB 

Therefore, if the two last proportions be multiplied in order, 
we shall have, 

AFxHB:IFxAB::KBxAF:ABxKF 

Then since V : v : : AF x HB : IF x AB 

We shall have also V : v : : KB x AF : AB x KF q. b. d. 

Corollary I. 

530. Though we have supposed in this theorem (fig. 172, 
173, 174, 175, 176, 177) that the pinion is driven by the wheel, 
it is evident that the same proportion will be found when the 
wheel is driven by the pinion ; that is to say, we shall have 
V:i;::AB xKF: KB x AF. 

Corollary IL 

531. We have seen (521) that by making E (fig. 172, 173, 
174, 175, 176, 177") to represent the force of the circumference 
of the primitive wneel, and P the force of the primitive pinion, 
we shall have E : P : : AB x KB : KF x AF. 

And we have found (529), V : v : : KB x AF : AB x KF. 

Hence, multiplying these two proportions in order, we shall 
have ExV:Pxv::ABxKBxKFxAF:ABxKBx 
KF X AF. 

And consequently E x V = P x v ; that is to say, the pro- 
duct of the force and the velocity which the circumference of the 
primitive wheel has, at each instant, is equal to the product of 
the force and the velocity which the circumference of the pinion 
has at the same time, during each instant of its motion. If we, 
therefore, call these two products the momenta of the primitive 
circumferences of the wheel and pinion, it may be said that 
these primitive circumferences have always in the same time 
equal momenta, whether the wheel moves the pinion or the 
wheel. 
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CaroOary UL. 

532. Since E x V = P x v (fig. 172, 173, 174, 175, 176, 
177) we shall have E : P : : v : V ; that is to say, the contem- 
porary forces of the primitive circumferences of the wheel and of 
the pinion, engaged with it, are reciprocally proportional to 
their contemporary velocities. 

It thence follows, that as the force with which the circum- 
ference of the primitive wheel becomes greater than that with 
which the circumference of the primitive pinion turns, the velo- 
city of the circumference of the primitive wheel will become less 
than that of the circumference of the primitive pinion. Thus 
when the point K (fig. 173 and 176) is within the primitive 
wheel, and (523) the force with which the circumference of that 
wheel turns is less than the force with which the circumference 
of the primitive pinion turns, the velocity of the circumference 
of the primitive wheel will be greater than the velocity of the 
circumference of the primitive pinion ; on the other hand, when 
the point K is within the primitive pinion (fig. 172 and 175) 
and (524) the force with which the circumference of the primi- 
tive wheel turns is greater than that with which the circumfer- 
ence of the primitive pinion turns, the velocity of the circum- 
ference of the primitive wheel will be less than that of the 
circumference of the primitive pinion. 

Corollary IV. 

533. Since the line of centres BF (fig. 172, 173, 175, and 
176^ has been divided into two parts AI^ and AB, proj)ortional 
to tne number of the teeth of the wheel and of the pinion, and 
as the primitive circumferences E and X of the wheel and 
pinion are in the same ratio as AF and AB, which are their 
radii, these primitive circumferences E and X are proportional 
to the number of their teeth ; and consequently, if we take for 
each tooth a full . and vacant space, as ought to be the case, the 
primitive arc, corresponding to each toom of the wheel, will be 
equal to the corresponding primitive arc of each tooth of the 
pinion ; and as each tooth of the wheel is obliged to move a 
tooth of the pinion, or ouçht reciprocallv to be moved by a tooth 
of the pinion, the primitive arcs passed over by two correspond- 
ing teeth of the wheel and the pmion, while the one moves the 
other, must necessarily be equal. It thence follows, that if 
there be some instants during which the tooth of the wheel 
moves faster than the corresponding tooth of the pinion, there 
will be other instants during which the tooth of the wheel will 
move slower than that of the pinion ; and, reciprocally, if there 
be any disposition of the teeth during which the tooth of the 
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wheel goes slower than that of the pinion, there will be others 
during which the same tootib of the wneel will move faster than 
that of the pinion. 

Corollary V, 

534. All the contemporary velocities (fig, 172, 173, 175, 
and 176) of the primitive circumferences of the wheel and 
pinion being reciprocal to the contemporary forces which they 
nave to turn, it follows from the last corollary, that if in some 
positions the primitive circumference of the wheel turns with 
more force than that of the pinion, there will necessarily be 
others during which the same primitive circumference of the 
(Vu (/ wheel will turn with less force than that of the pinion ; and, 
reciprocally, if there be some instants during which the primitive 
circumference of the wheel turns with less force than that of the 
pinion, there will be others during which it will turn with more 
force than that of the pinion. 

But when the point K, where the straight line HEI cuts 
the line of centres, is within the circle of the primitive pinion, 
the primitive circumference of the wheel will turn with more 
force than that of the pinion (524) ; and when the point K is 
within the primitive wheel, the circumference of that wheel will 
turn with less force than that of the primitive pinion (523) ; 
and, reciprocally (527), when the primitive circumference of the 
wheel turns with more force than that of the pinion, the point 
K will be within the primitive pinion. On the other hand, 
when the circumference of the primitive pinion turns with more 
force than that of the wheel, the point K is within the primitive 
wheel (527). 

Therefore, if during some instants the point K, where the 
straight line HEI cuts the line of centres, be within the pinion, 
there will necessarily be others during which this point K will 
be within the wheel ; and reciprocally if the point K be at some 
instants within the primitive wheel, there will be other instants 
during which this point K will be within the primitive pinion, 
This consequence is what we before promised to demonstrate 
(528). 

It thence follows, that if something is gained by causing the 
point K to fall within the primitive wheel, or within the primi- 
tive pinion, to give the pinion mi advantage over the wheel,. or 
the wheel an advantage over the pinion, the contrary will after- 
wards take place ; that is to say, the point K will afterwards 
fall within the primitive pinion, or within the primitive wheel, 
and then the wneel will have an advantage over the pinion, or 
the pinion over the wheel; consequently what was gained will 
bé lost. 

c 
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Corollary YL 

535. We may then consider (fig. 174, 177) as the most 
advantageous form that can be given to the teeth of the wheels 
and pinions of a machine, those which cause the primitive cir- 
cumferences of the wheel and pinion to have the same force and 
the same velocity to turn ; and which consequently are curved . 
in such a manner, that the perpendicular HEX, drawn through 
the point where their teeth are in contact, shall meet with the 
line of centres in the point A, where the primitive radii of the 
wheel and pinion terminate. For when the teeth of the wheel 
and pinion are thus formed, the wheel, in order that it may 
move the pinion, does not require the application of so great a 
force as wnen they are formed in an^ other manner ; since, if to 
procure the same force to the pinion by lessening the power 
applied to the wheel, the straight line HEI should be made to 
cut the line of centres within the wheel, it would be requisite to 
apply to the wheel a power greater than that given to the 
pinion when the straight line HEI cuts the line of centres BF 
within the pinion, which will necessarily be the case. 

Definiiions, 

536. Let there be two circles in the same plane CNF and 
CALMK (fig. 178, 179), which touch each other in C ; if the 
former be made to revolve on the circumference of the latter, 
and if we suppose a style or tracing pin fixed in the point C of 
the circumference of the revolving circle, the style 0, during 
this motion, will describe on the immovable plane of the circle 
CALMK a curve CEGDE, which is called an epicycloid. 

The circle CNF, which in revolving describes the epi cycloid, 
is called the generating circle; and the arc CALMK of the 
immovable circle, on which the generating circle revolves, is 
called the hose of the ej^icydoid. 

When the generating circle revolves without the circle of 
its base, as in fig. 178, the epicycloid is called an external epicy- 
doid ; and when it revolves within the circle of its base, as in 
fig. 179, the epicycloid is called an internal epicycloid. 

Corollary L 

537. As the generating circle in revolving and passing suc- 
cessively from its first situation CNF (figs. 178 and 179) to 
different positions, AEF, LGH, &c., appEes, in succession, all 
the parts of its circumference to those of its base, it is evident 
that the base CALMK of the epicycloid is equal to the circum- 
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ference of ihe generating circle CNPC ; and that each portion, 
such as CA or CL, &c., of the base, is equal to each part EA or 
GL, &c., of the generating drcnmference, which rolls upon it 

An epicycloid, therefore, may be described, or any number 
of points in that curve may be found, by describing circles ABP, 
LGrH, &c., having all the same radius as the generating circle 
CNP, and touching the base CALMK in any points AL, &c. ; 
and by making the lengths of the arcs AE, JuG, &c., taken from 
the points of their contact with the circle of the base equal to 
those of tiie arcs C A, CL, &c., of the base comprehended 
between the same points of contact A, L, &c., and the com- 
mencement C of the epicycloid. For having thus determined 
any number of points, at pleasure, as E, G, &c., the curve 
CEGDK, drawn through these points and the commencement 
C, where we suppose the style to have been placed when the 
generating circle began to revolve, will be an epicycloid. 

Corollary 11. 

538. When the generating circle CNP (fig. 180]) of the 
epicycloid revolves within the circle of its base, and has for 
diameter the radius CB of its base, the point 0, where we sup- 
pose the style to be placed, does not fan without the diameter 
CBK of the circle of its base : hence the epicycloid described 
by the style C is a diameter of the circle of the base : to prove 
it, nothing is necessary but to show, that when the generating 
circle in revolving has reached any situation AEB, which may 
represent all the rest^ the style C cannot be otherwise situateî 
than in the point E, where the circumference of the generating 
drcle, which has revolved, is met by the diameter CBK. 

The generating circle CNP having attained to any situation 
AEB, where it touches the circumference of its base in A, let 
us suppose that the point C, whei-e the style is fixed, to be 
situated in any point O, different from the point E : the length 
of the arc AC will be equal to that of tiie arc AO ; since the 
arc AO will have rolled over the arc AC. But as the radius of 
the arc AC b double that of the arc AO, the number of the 
degrees of the arc AO will be double that of the degrees of the 
arc AC ; and the circumference of the circle AEB will pass 
through the centre B of the circle CAK. The ande CBA 
then, which has its summit at the centre B of the circle of the 
base, and which consequently is measured by the whole arc 
AC, comprehended between its sides, will be equal to the angle 
DBA, wmch has its summit at the same point B of the circum- 
ference of the circle AEB; and which therefore is measured 
by half the arc AO. But it is impossible that the angle CBA 
snould be equal to the angle OBA, unless the point O, at which 

2 
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the style is supposed to have arrived, be in the point E, where 
the diameter CÈK meets with the circumference of the revolv- 
ing circle ÂEB. The generating circle then having attained to 
any situation whatever, AEB, the style C cannot be otherwise 
than in the point E, where the diameter CBK meets with the 
circumference of the generating circle in its position AEB; 
consequently when the generating circle of the epicycloid re- 
volves within the circle of its base, and has for diameter the 
radius of its base, the style G does not go beyond the diameter 
CBK ; the epicycloid therefore, described by the style C, is a 
diameter of the circle of its base. 

Corollary JSL 

539. The generating circle of the epicvdoid being in any 

C'tion whatever AJSB (fig. 181), and toucning the circle of its 
> in anv point A, if through the point of contact A and the 
point E, which describes the epicycloid, there be drawn a straight 
line AE, this straight line wilt be perpendicular to the curvature 
of the epicycloid in the point E. 

To prove it, let us suppose that the generating circle and 
the circle of its base are regular polygons of an infinite number 
of equal sides, applied to each otner, and the summits of whose 
angles successively join, while the generating polygon revolves 
on its base. When the summit A of any angle of the gene- 
rating polygon turns on the summit A of an angle of the 
polygon of the base, as on a fixed point, the point E, which 
describes the epicycloid, will trace out a small arc of a circle, 
having the point A for its centre, and the straight line AE for 
its radius. But a radius is always perpendicular to the arc 
described by its extremity ; AE then is perpendicular to the 
small portion of the epicycloid described by tne style E, in the 
position in which it is. 

Corollary Vf. 

540. The generating circle of the epicycloid being in any 
position AEB (fig. 181), and revolving on the base CA, if the 
centres of these two circles be joined by a straight line FG, the 
prolongation of which GB meets with the circumference of the 

fenerating circle in a second point B, and if through the point 
\ there be drawn a straight line BE to the point E, where the 
circumference of the generating circle meets with the epicycloid 
towards its origin C, this straight line BE will touch the epi- 
cycloid in the point E ; for it will touch the small arc of a circle 
described by the point E, while AE turns on the point A as on a 
fixed point ; and the small arc described by the point E may 
then be considered as a small f)art of the epicycloid. 
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CorcUary V. 

541. Let us suppose in the same plane three circles E, X, 
and Y (fig. 182), wnich touch each other in the point A, and 
whose centres F, B, G, are consequently in a straight line ; if 
one of these circles be made to revolve around its centre, and it 
forces the other two to turn around their centres, which we 
suppose to be fixed, moving these circles bjr the point of con- 
tinual contact A, common to the three circumferences, it is 
evident that all the parts of the circumference of the circle 
made to revolve will be applied in succession to every part of 
the circumferences of the other two circles, in the same manner 
as if the two circles E and X remained immovable, while the 
third Y revolved on the circumferences of the first two. Hence, 
if we suppose a style fixed to the circumference of the circle Y 
alone, movable around its centre, the three circles having been 
obliged to turn by the motion of the one which has carried 
along the other two ; when the style is in E, if each of the two 
arcs AC and AH be made equal to the arc AE, the style placed 
in E will have described on the movable plane of the circle E, 
on the exterior part of which it revolves, a portion CE of an 
exterior epicycloid, and on the movable plane of the circle X, 
within which we may consider it to revolve, a portion HE of an 
interior epicycloid. 

These two epicycloids, traced out at the same time by the 
style E, aflSxed to the circumference of the circle Y, will touch 
each other in the point E. For the straight line AE, drawn 
through the point A, where the generating circle Y touches its 
bases E and X, will be perpendicular to the two epicycloids ; 
and the straight line h E will touch these two epicycloids in the 
same point E (540). 

C&rollary YL. 

542.* Let us now suppose that the generating circle Y (fig. 
183) has for diameter the radius AB of the circle X, witnin 
which it is ; and that these circles E, X, and Y, touch conti- 
nually in the point A : the interior epicycloid HE, which will 
touch the exterior CE, will be a straight line directed towards 
the centre B of the circle X, and consequently will be a portion 
of the radius BH, which will always touch the exterior epicy-f 
doid CE in the point E, where this radius meets with a per- 
pendicular AE, drawn to it from the point A. 

It thence follows, that when two circles E and X continually 
touch each other, and the one obliges the other to turn around^ 
carrying it along by the point of contact A, if we suppose a 
radius BH in the circle A, and, having made AC = AH, we 
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describe throngli the point C, taken at its commencement^ an 
exterior epicycloid CE, hi^ving for itd venerating circle, a circle 
Y, the diameter of which is equal to the radins BH, this radius 
BH during the motion of the two circles B and X will always 
touch the epicycloid CE in the point E, where the epicycloid is 
intersected Tby the straight line AE, perpendicular to its curve. 
Hence, instead of supposing that one of the two circles R and 
X moves the other Dy the point of contact A, the radius BH 
of the circle X may be made to be impelled by an epicycloid 
CE, attached to the circle B, and described by the motion of 
the circle Y, the diameter of which is equal to the radius BH ; 
reciprocally also, the epicycloid CE attached to the circle B 
mignt be made to be impelled by a radius BH of the circle X, 
and by means of the epicycloid uE and the radius BH, the two 
circles B and X might move each other as if impelled by the 
point of contact A. 

It is from this corollary, chiefly, that we shall deduce the best 
form which can be given to the teeth of the wheels and pinions 
of a machine, in which a part of the tooth of the wheel or 
pinion, or of the teeth of both, ought to be formed in a straight 
line, tending to the centre of the wheel and the pinion. 

Corollary VH. 

543. If in the same plane ffig. 182 and 183) there were only 
two circles, B, Y, touching eacn other in the point A, and if the 
motion of the one were communicated to the other by the point 
of contact, any point E of the circumference of the circle Y 
would describe, on the movable plane of the circle B, an epi* 
cycloid CE ; and this epicycloid, which we suppose to oe 
attached to the circle B, would move the circle Y, impelling it 
by the point E of its circumference, in the same manner as the 
circle B might move the same circle Y, communicating motion 
to it by the point of contact A ; and reciprocally the p^t E of 
the circumference of the circle Y, turning around its centre G, 
would cause to revolve the circle B, impelling it by the epi- 
cycloid CE, which we suppose to be attached to this circle È ; 
in the same manner Y would move the circle B by commu- 
nicating its motion in the point of contact A. 

From this corollary we shall deduce the best form that can 
be given to the teeth of a wheel, when the pinion is a lantern 
composed of rungs; we shall deduce from it also the most 
advantageous form that can be given to the teeth of a pinion, 
when the wheel has rungs parallel to each other instead of 
teeth. 
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PrMem. 

544. The number of the teeth of a wheel, and the number 
of the rungs of a lantern (fig. 184), in which the wheel is to act, 
being given, with the distance of their centres F and G, to 
determine the primitive radius and the radius of the wheel; 
the size and form of the teeth and the depth of the engagement 
of the teeth of the wheel in the lantern. 

Solution. 

As one example will bQ sufficient to give an idea of this 
problem, and as one solution for indeterminate numbers of 
teeth and rungs might render it obscure, without making it 
easier to be applied to wheels and lanterns, the numbers of the 
teeth and rungs of which are given ; we shall suppose that the 
wheel ought to have thirty teeth, the lantern eight rungs ; and 
that the centres E and G of the wheel and the lantern ought to 
be at the extremities of the given straight line FG. 

Since the wheel ought to have thirty teeth, and as a lantern 
of eight rungs is required, we must divide the Une of centres 
FG into two parts, AF and AG, which shall be to each other as 
thirty to eight, or as fifteen to four. For this purpose, divide 
the straight line FG into thirty-eight equal parts; that is to 
say, into as many parts as there are teeth and run^ together in 
the wheel and in the lantern ; and having taken -eight parts for 
AG, and the remaining thirtjr for AF, the straight bnes AF and 
AG will be the primitive radii of the wheel and the lantern. 

The primitive radii of the wheel and the lantern being thus 
determined, the next thing is to determme the form of the 
teeth, and this form will give the true radius of the wheel. 

To determine the form of the teeth, which always depends 
on tiiat of the rungs, we shall first suppose that the rungs are 
indSnitely small, and represented on the drcularplane, forming 
the end of the lantern by eight points. A, E, BC I, K, i, A, e; 
and when we have found the form of the teeth proper for moving 
these rungs infinitely small, which cannot be used in practice, 
we diall correct it; and by its means trace out the real form 
which must be given to the teeth of wheels, to drive lanterns 
with cylindric rungs. Hence the solution of the proposed 
problem wiU be divided into two parts. 

L_-jR>y theftyrm of the Tedh of a Whed whm the Bnmgs of the 
Idcmlern are infinitely small. 

545. We have seen (543) that if the circle CAc (fig. 184), 
which touches the circle EA c, were fiimished at its circumfer- 
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ence with an epicycloid ô E, described by the point E of the 
circumference of the circle EA e, during the revolution of that 
circle on the circle CA e, the epicycloid e E would move the 
circle EA 6 by the point -E, in the same manner as the circle 
CA e would move it oy the point of contact A. 

It 'has been seen also, and it is evident, that if the two 
circles CA e and EA e moved each other by their point of con- 
tact A, these circles would both have the same velocity ; hence, 
when the epicycloid e E movas the circle EA e by a point E of 
its circumference, the circumferences of the two circles CA e 
and EA e will have the same velocity ; consequently the same 
force (5il5), The epicycloid c E is, therefore, the best curve 
that can be given to the tooth of a wheel to drive a lantern, the 
rungs of which are infinitely small. 

Considering only the epicycloid e E, and the property it has 
of causing the primitive lantern to revolve with the same velo- 
city and the same force as the primitive wheel, moving the 
lantern by a point E, which represents a rung infinitely small, 
it is evident that it is the convex side of the epicycloid which 
will move the rung or point E, when the rung is driven from 
A towards E, and removes from the line of centres ; and it wiU 
be its concave side which moves the point E, when that point is 
driven from E towards A, and approaches the line of centres. 

But if we reflect that the teeth of the wheel must be 
engaged one after the other in the lantern, and that each 
tooth of the wheel after moving a rung must escape from 
the lantern, and ought not to prevent the following tooth 
from moving the next rung, it will be readily perceived, 
that it is not possible that the concave side of the epicy- 
cloid e E can move the spindle E of the lantern; conse- 
quently it is impossible that the epicycloid should cause the 
lantern to revolve by bringing near to the line of centres the 
rung which it moves. For let us suppose that the concave side 
of the epicycloid e E has moved the runç E as far as A, and 
that it has arrived at the position AB : it cannot continue to 
move the rung from A towards e, because it is supposed to be 
concave on the side on which it moves the rung, and because it 
would require to be convex, as AD, to remove the rung from 
the line of centres, and to carry it from A towards e. Moreover 
the rung A being hooked in the epicycloid AB, this epicycloid 
cannot disengage itself from the lantern to allow another epicy- 
cloid to move another rung E. Hence it is impossible that the 
teeth of a wheel can be formed into a concave epicycloid on 
that side on which they move the rungs, if it be required that 
the circumference of tne primitive lantern should have the same 
velocity and the same force as the circumference of the primi- 
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live wheels consequently it is impossible also that the rungs of 
a lantern should be moved by a wheel, before they have arrived 
at the line of centres. 

Since an epicycloid cannot move a rung towards the line of 
centres, the epicycloid e E must necessarily move the rung E 
from A towards E, until a second rung has reached A in the 
line of centres, and is caught by a second epicycloid AB, which 
will also move the rung A, until another rung e has attained to 
the same line of centres ; and the case will be the same with 
other rungs of the lantern and other teeth of the wheel. 

If it be required that the wheel should drive the lantern on 
both sides, that is, from A towards E and from A towards e, it is , 
. evident that each tooth of the wheel ought to have the two 
opposite sides e E and LM formed into equal epicycloids, similar 
and opposite, and that the tooth e EML ought to be sufficiently 
long to move the rung E, until the next rung has reached the 
line of centres. 

As it is here supposed that the rungs of the lanterns are 
infinitely small, if the teeth of the wheel were completely formed 
and equally spaced, as well as the rungs of the lantern, spaces 
infinitely small only would be necessary between the teeth of 
the wheel to receive the rungs : but as perfect precision cannot 
be attained, it will be necessary to leave between the teeth small 
spaces, such as AL, for the play of the teeth of the wheel in the 
lantern ; that is to say, that the wheel may move the lantern, 
notwithstanding the small inequalities of the teeth and the rungs. 
As this space AL ought to be proportioned to the inequalities 
which are always unknown, it cannot be exactly determined; 
but it is better to make it too large than too small. 

It has here always been supposed that the teeth of the 
wheel move the rungs of the lantern ; but it is evident that the 
teeth of the wheel must have the same form when they are 
moved by the rungs. It Js only necessary to remark, that the 
rungs of the lantern will move the teeth of the wheel in pro* 
ceeding towards the line of centres, and will leave them when 
they have reached that line ; whereas the teeth of the wheel 
would move the rungs by removing them from the line of 
centres, and after they had attained to that line. 

It results from what has been said, that to determine the 
form of the teeth of a wheel which ought to move a lantern 
with rungs infinitely small, or which ought to be moved by this 
lantern, we must first determine the primitive radii AF and AG 
of the wheel and lantern, and describe their primitive circles, 
CA e and EHIK the A; then divide the primitive ch-cle of the 
wheel into as many equal parts AC, A c, &c., as it ought to have 
teeth ; that is to say, into thirty : supposing, as we haye done. 
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that the wKeel is to have thirty teeth, and diyide the circle of 
the primitive lantern into as many equal parts as the lantern is 
to haye rungs; that is to say, into eighty as it ought to have 
eight runes. We may then determine the space AL, which 
ought to l>e ]eft between the teeth of the wheel, making it 
lar^r or smaller, according as the wheel and lantern are more 
or less perfect ; but this must depend on the sagacity of the 
engineer who is to conduct the machine, and the opmion he 
forms of the skill of the workman by whom it is to be con- 
structed. All the spaces AL, NO, &c., which ought to be 
between the teeth, bemg fixed, and the feet e L, AN, &c., of all 
the teeth being consequently determined on the circumference 
of the primitiye wbeel, describe, through the extremities of the 
feet of each tooth, epicycloids, haying for base the circumfer- 
ence of the primitiye wheel, and for generating circle the primi- 
tiye circle of the lantern. For example, c L being the foot of 
one tooth, describe, through the extremities c and L of that foot, 
two opposite epicycloids e EP and LMP, which will turn their 
conyexities towards the neighbouring teeth, and which haying 
for base the circle CA c, will haye for generating circle the 
circle £ H I K t A 6 A. Two similar epicycloids, equal and op- 
posite ABQ and NOQ, must be described through the extremi- 
ties A and N of the foot AN of another tooth, and proceed in 
the same manner with the rest. 

When epicycloids haye been described through the extremi- 
ties of the feet of all the other teeth, each space e PL or AQN, 
&c., comprehended between two opposite portions of an epicy- 
cloid, ana the foot of a tooth will be the form which the thirty 
teeth of the wheel ought to haye' to driye the lantern with eight 
rungs infinitely small. 

Each tooth of the wheel as e PL being formed by two oppo- 
site epicycloids e EP and LMP, which mutually terminate at 
the putce P where they meet ; it is eyident that tiie straight 
line TP, drawn from the centre of the wheel to the point P, 
where the two epicycloids of the same tooth meet, is the greatest 
true radias that the wheel can haye, in regard to tiie space AL, 
which has been left between the two neighbouring teeth e PL 
and AQN. 

When the rung E has been moyed till the next rung A is in 
the line of centres, the run^ A may, in its turn, be moyed by 
the tooth AQN ; and then it will no longer be necessary that 
the rung E should be moyed by the tooth e PL : the whole 

Quantity EPM may therefore be taken from the tooth e PL, and 
lie part e EML only be retained for the tooth. Hence a rung 
A being in the line of centres, the straight line EF drawn 
through a rung E, near that which is in the line of centres. 
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and through the centre F of the wheel, will be of sufficient 
length to De the true radius of the wheel. But this straight 
line' EF being the shortest true radius which the wheel can 
have, we may take as the true radius of the wheel any number 
of different lines at pleasure, provided they are not greater than 
FP nor less than EF. 

When the true radius of the wheel, which must be made 
greater than EF and less than FP, to avoid falling into extremes, 
has been determined, it is to be taken £rom the primitive radius 
e F, or AF, and the remainder will be the quantity of the 
engagement of the wheel in the lantern. 

n. — To determine the Fiffure of (he Teeth of the Wheel, when the 
Bungs of the Lantern are Cylinders of a finite Diameter. 

546. We shall first consider the lantern as if it had rungs 
infinitely small (fig. 185), represented by the centres A, E, H, I, 
K, i, hy 0, of the small circles, which are sections of the runes, 
perpendicular to their axes ; and we shall trace out^ as already 
8ai(^ the teeth GPL, AQN, &c., of the wheel as if it had to move 
a lantern with rungs infinitelv small, taking care to leave 
between all the teeth, for the play of the engagement, a small 
space as AL. We shall then reform all these teeth, to make 
them agree with the rungs of a finite diameter, which the 
lantern ought to hava 

If the radius of the rungs, which we suppose equal, be given, 
describe with this radius, on the plane of each tooth, as man^ 
small arcs as possible, having all their centres in the two epi- 
cycloids which form that tooth; and through all these arcs 
trace out two curves, such as EO and SO, parallel to the epi- 
cycloids between which the first teeth are included. These 
new curves, RO and SO, or TT and VY, being thus described, 
will reform the first teeth CPL, AQN, && ; and will compre- 
hend, between them and the primitive cmde of the wheel, spaces, 
EOS, TYV, &c., which will be the figures of the teeth which 
the wheel ought to have, to drive the rungs A, E, H, I, E, t, %, e, 
the diameters of which are given. The demonstration is as 
foUows : — 

If we suppose that the centre E of a rung is moved by the 
tooth CPL, the curve EO, which is parallel to the epicycloid 
CP, and whose distance from it is equal to the radius of the 
rung E, will always touch the circumference of that rung; 
hence the curve EO will move the cylindric nmg in the same 
manner as the tooth CPL, formed by two epicydoidal portions, 
would move the centre E of that rung ; consequently the tooth 
EOS will have the form proper for moving a lantern with cylin- 
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dric rangs. It is eyident that if all the rangs of the lantern are 
of the same diameter, the other teeth of the wheel, being 
formed in the same manner as the tooth BOS, will have also the 
figure' whicli they cmght.to have in order to drive the lantern. 

When .the radias of llie rungs of the lantern is not given, if 
it be necessary tD correct the first teeth of the wheel CPL and 
AQN, in such a manner that the new teeth shall leave between 
them spaces equal to the breadth of their feet ; and if it be 
required that tne play of the engagement should always be 
equal to AL, divide the foot of the tooth CL into two equcd 
parts CD and DL, and having taken on both sides of the point 
D two parts, DR and DS, eqiml to the fourth part of the arc AC, 
the arc KS will be the foot of the new tootn required. Then 
with a radius equal to the chord of the arc CB, trace out the 
circles A, E, H, 1, K, i, h, e, which will represent the size of the 
rungs of the lantern. In the last place, to complete the correc- 
tion of the first teeth of the wheel, describe with the same 
radius, on the plane of each of them, as many small arcs as 
possible, having their centres in the epicycloids which inclose 
the first teeth ; and if through all these small arcs there be 
drawn curves, such as BO and SO, or TY, and VY, we shall 
have new teeth BOS and TTV, which will leave between them 
spaces equal to the breadth of their feet ; which, while acting 
in each other, will have the play required ; and |,which wifl 
drive the rungs, the size of which nas been determined, in the 
same manner as the former teeth would have driven rungs 
infinitely smalL 

As the two curved sides of each of the new teeth mutually 
terminate in meeting, it is evident that the distance OF of the 
point of one of these new teeth from the centre of the wheel» 
will be the greatest true radius that the wheel can have. 

When a rung E has been moved till the centre A of the 
next rung is in the line of centres GF, the rung A may be 
moved in its turn by the following tooth TYV ; and in this case 
it will no longer be necessary that the tooth BOS should move 
the cylindric rung E. The tooth BOS may therefore be ter- 
minated at the point X, where it touches the rung E, when the 
centre of the next rung is in the Une of centres ; and the dis- 
tance XF from that point of contact to the centre of the 
wheel will be the least true radius that the wheel can have. 

To determine the point X, where the tooth EOS touches 
the rung E, draw through the centre of that rung and the point 
A, the straight line EA : the point X, where the line EH meets 
with the circumference of the cylindric rung, will be that where 
the tooth EOS will touch the rung. For since the distance of 
the curve BO from the epicycloid CP is by construction equal 
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to the radius of the rung EX / iinhat radius be taken from the 
straight line AE, which is perpendicujlft^ the epicycloid (359), 
the point X will be necessarilwn^e .qu^^KO; parallel to the 
epicycloid ; the c)rlinder E aiwL^^^cïSv^HEïO wUli tbn-efore 
touch each other in the point X^y^^'^tiM^ ptftR^j^Cue AE 
meets with the circumference of the ; 

As the engagement might be rendered too weak, were no 
more than the len^h here determined given to the teeth, it 
will be proper to give to the true radius of the wheel a mean 
length between OF and XF, and to cut off the point of the 
tooth, as seen fig. 185. 

The teeth of the wheel being constructed in this manner, it 
is evident that they will not move the rungs till their centres 
have reached the line of centres ; and that the rungs, on the other 
hand, will move these teeth by impelling them towards the ïine 
of centres GF, and until their centres have reached that line. 

K the primitive radius of the wheel be taken from the true 
radius chosen, the remainder will be the quantity of the engage^ 
ment of the teeth of the wheel in the primitive lantern ; and 
as the semi-diameter of each rung will necessarily enter the 
primitive wheel, the whole quantity of the engagement will be 
equal to the sum of the semi-diameter of the rung, and of the 
excess of the true radius of the wheel above its primitive radius. 

The distance FG of the centres of the wheel and of the 
lantern being given, it will be easy to determine by calculation 
the length of the shortest true radius of the wheel, when the 
number of the rungs of the lantern and the number of the teeth 
of the wheel are given. 

Example. 

Let us suppose that the wheel ought to have thirty teeth ; 
that the lantern has eight rungs, and that FG, the distance of 
the centre of the wheel from the centre of the lantern, is three 
feet, or thirty-six inches. 

First find the primitive radius of the wheel by this pro- 
portion ; — 

As 38 : 30 : : 36 inches to a fourth term — 5-- — • which will 

00 

be the primitive radius AF of the wheel. When the calculation- 
is finished, the primitive radius AF will be found = 28*421 
inches. If this primitive radius of the wheel be taken from 
FG = 36 inches, the remainder 7'579 inches will be the primi^ 
tive radius AG of the lantern. 

As the lantern has eight rungs, the chord AE, drawn through 
the centres of two neighbouring rungs will be the chord of 
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45 degrees ; conseqnently will be double the sine of 22° 8ff, 
Hence^ to find AE we must employ the following propor- 
tion : — 

As radius. . • 100000 

Is to double the sine of 22° sa 0-76537 

So is the primitive radius of the lantern 7*579 inches. 
To the chord AE, which will be found equal to 6 '800 
inches. 

As the wheel has thirty teeth, the arc AC, which compre- 
hends in the primitive circle of the wheel one tooth, and the 
BDSLce which separates two teeth will be equal to twelve degrees, 
tne fourth part of which is three degrees. When it is required, 
therefore, to make the breadth of each tooth equal to the space 
which separates them, the two arcs DB and Do must each be 
made equal to three degrees. 

Let us suppose that the play AL of the engagement ought 
to be one degree : the foot of the tooth CPL, terminated by 
two epicycloids CEP and LP, will be eleven degrees, and its 
half DC or DL will be 6° 30'; from which we must take DB or 
DS, which will be three degrees, and there will remain 2P 30' 
for each of the two arcs CE and LS, which must be taken from 
the foot of the tooth CPL to correct it. The chord of the arc 
CR or LS wfll, therefore, be double the sine of 1° 15'. Hence, 
to find the length of that chord, the following proportion must 
be employed :— 

As radius 100000 

Is to double the sine of 1° 15' • 04363 

So is the primitive radius AF already found 28*421 

inches. 
To the chord of the arc CB or LS. 

The calculation being made, it will be found that the chord 
of the arc CR is 1 • 24 inch. 

As the radius EX of each rung ought to be equal to the 
chord of the arc CR, we shall have also EX = 1 -24 inch. 

Hence the diameters of the rungs of the lanterns will be 
2 '48 inches ; and since AE has been found = 5 * 800 inches and 
EX = 1 -240 inch, we shall have AX = 456 inches. 

To determine the least true radius that the wheel can have, 
it must be observed, that in the triangle XAF there are known 
the side AX, which has been found to be 4*56 inches ; the side 
AF, which has been found to be 28*421 inches, and the angle 
XAF, which being the supplement of the angle E AK = 67° 30', 
will be 112° 30'. The length of the true radius XF may there- 
fore be determined by plane trigonometry, as follows : — 
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As the sum of the two Bides AX and AF . . 32-981 

Is to their difference 23-861 

So is the tangent of half the angle EAE^ or 

33° 45', which is 0-66818 

To the tangent of half the difference of the two angles 

AXF and AFX. 

When the calculation is finished, this tangent will be found 
to be 0-48341, which corresponds to an angle of 25° 48'. 

This angle 25° 48' added to 33° 45', which is half the sum 
of the two angles AXF and AFX, the sum 59° 33' will be equal 
to the angle AXF. 

The angle AXF being found to be 59° 33', and the angle 
XAF being given, or known to be =112° 30', the supplement 
of which is 67° 30' ; AF also being found to be 28-421 inches, 
we must use this proportion : — 

As the sine of the angle AXF, 69^33' . . • 0-86207 
Is to the sine of the angle XAF or EAK, 

67° 30' 0-92388 

So is AF 28-421 inches 

To XF, the least true radius which the wheel can hare, 

and which will be found to be 30-451 inches. 

Hence if we suppose that FG, the distance of the centres of 
a wheel of thirty teeth, and a lantern of Bight rungs, is thirty- 
six inches ; that the play of the engagement ought to be one 
degree, and the breadth of each tooth ought to be equal to the 
space between every two teeth, we shall find : — 

InchM. 

The primitive radius of the wheel .... 28-421 

Thatofthekntem 7-579 

The least true radius of the wheel .... 30*458 
The quantity of the engagement of tbe wheel 

in the primitive lantern. 2 c 037 

The semi-diameter of the rung, or the quantity 
of the engagement of the lantern in the 

primitive wheel 1-24 

The total quantity of the engagement . . . 3-277 

The true radius of the lantern 8-819 

Had the diameters of the rungs of the lantern been given, 
less calculation would have been required U> détermine the true 
radius of the wheel ; for, having found AE, and taken from it 
the radius EX, of the rung, the calculation might have been 
fim'shed as above explained. 
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Befnark. 

547. The fona of the teeth of a wheel being determined as 
above, cnt away the rim of the wheel to leave spaces between 
the teedi (%. 185), and direct the sides of the spaces between 
tiie teeth TZ and S& towards the centre F of the wheeL These 
spaces serve for lodging the rangs, which ought to be met only 
by the teeth that move them, otherwise the machine would be 
liable to shocks, which would fetter its motion, and which, if 
considerable, might prevent it from going. 

It has been seen (542), and will be seen also in the following 
problem, that the sides TZ and S& of the spaces sunk into the 
primitive wheel, being direcjted towards the centre F of the 
wheel, the part of the rung which goes beyond the primitive 
circle of the lantern ought to have the form of an epicycloid, 
having for its base the primitive circle of the lantern, and gene- 
rated by a circle of a diameter equal to the radius AF of the 
wheeL Hence, a cvlindrical rung does not seem proper for 
being carried towards the line of centres by the side TZ of the 
space sunk into the primitive wheel. But the preceding rung E 
teing moved by the preceding tooth of the wheel, until the 
centre of the rung A nas reached the Une of centres, and the 
space TA, which the straight line TZ ought to make the rung 
pass over, before it reaches the line of centres, being very short; 
the arc of the rung, on which the side TZ will glide in impelling 
this rung, will be so small, that it may be considered as the 
small arc of an epicycloid; consequently, if there be any in- 
equality in the movement of the lantern by the wheel, while the 
part TÏi of the tooth moves the rung, this inequality will be so 
small as not to be sensible. 

When the lantern has not too small a number of rungs, and 
the diameter of the rungs is not too great, this small inequality 
may be obviated. The preceding rung E may be made to move 
by the tooth EX ar S (fig. 186), until the straight line TZ has 
arrived at the line of centres. For the straight line TZ will not 
then be obliged to move the rung A, and the curved part only 
of the tooth TV will have to move it : as this curved part of the 
tooth has the form proper for moving the rung by removing it 
from'the line of centres, the lantern will be driven by the wheel 
without any inequality. 

But, in causing the rung E to be moved by the tooth RX x 
S, until the strai^t part TZ of the following tooth has arrived 
at the line of centres, the length just determined for the least 
tru3 radius of the wheel will be too small, and it will be neces- 
sary to search for a true radius of greater length. 

Let us suppose, as already done, that the wheel is to have 
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thirty teeth ; that the lantern has eight rungs, and that the dis- 
tance FG of the centres of the wheel and lantern is thirty-six 
inches. Let us suppose also, to facilitate the calculation, that 
the rungs are two inches in diameter, or of one inch radius, and . 
that the play of the wheel in the engagement is one degree. 
The primitive radius FT of the wheel will be 

(546) (inches) 28-421 

And that QA or GT of the lantern . „ 7-579 

If from A, the centre of the rung, there be drawn AB per- 
pendicular to the straight line FG, which thouches this rung, 
and which joins the centres of the wtleel and lantern, this per- 
pendicular wiU be the radius of the rung. Hence, if the square 
of the radius of this rung, or the square of one inch be taken 
from the square of the radius AG of the lantern ; that is to say, 
the square of 7-579 inches, which is 57-441241 square inches, 
the square root of the remainder 7*513 inches wiU be the value 
of GB ; and as FG has been supposed = 36 inches, we shall 
have FB = 28487 inches. 

The side FB = 28*487 inches of the right angled triangle 
ABF being considered as radius, the side AB = 1 inch, as 
tangent of the angle AFB, this angle will be found to be 2° 0'| ; 
consequently the angle BF 6, comprehending the rung A, will 
be4°ri. 

The side GB = 7-513 inches of the right angled triangle 
ABG, being also taken as radius, and the side AB = 1 inch 
being considered as the tangent of the angle AGB, this angle 
or the arc TA will be found to be 7° 35'. 

As the lantern has eight rungs equally distant from each 
other, the arc AE, comprehended between the centres of two 
neighbouring rungs will be 45° ; hence the sum of the two arcs 
TA and AE, or the arc TAB will be 52° 35', and its chord TE 
will found to be = 6-714 inches. 

Lastly, if one inch be taken fromi this chord for the radius 
EX of the rung, we shall have TX = 5*714 inches. 

The arc TAE having been found to be 52° 35', we shall 
have the sum of the two angles TFX and TXF, or the angle 
ETG = 63° 42'J. 

In the triangle XTF, the two sides TXand TP, with the 
sum of the two angles TFX and TXF, opposite to these two 
sides being known, the angle TFX will be found to be 9° 24', 
and the side XF 31-374 inches. Hence the length of the least 
tnie radius XF, which the wheel can have to move the lantern 
uniformly, will be determined. 

The tooth EX x S having begun to move the rung E, when 
its straight part EY was in TZ, on the line of centres, and not 
having ceased to impel it till the straight part TZ of the next 

D 
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tooth had reached the same line of centres, the arc TB of the 
primitive wheel comprehends a tooth and a space ; and as this 
wheel has thirty teeth and thirty spaces, the arc TR contains the 
thirtieth part of the circumference, that is to say, twelve degrees. 

Bnt the angle TFX has been found to be . . 9° 24' 

Hence the angle RFX, or the arc RD will be . 2° 36' 
The angle BF h or TF h which comprehends 

the rung being 4° I'J 

And the angle h FS of the play intended to be 

given to the wheel in the engagement, being 1° 

The angle BFS, or the arc TS will be . . • 5° I'i 

And as the arc TR is 12^ 

The tooth RX x S will occupy on the circumfer- 
ence of the primitive wheel, an arc BS = . 6° 58'| 

But the arc RS, which will be the foot of the tooth RX x S 
being greater than the double of the arc RD, which corresponds 
to the curve RH, over which the rung E is driven, that tooth 
may be enclosed between two equal curves RX and S x, similar 
and similarly situated in regard to it, and terminated by an arc 
X X concentric to the wheel. 

The two curves RX and S x, which form the sides of the 
tooth, being equal, similar and similarly situated in regard to it, 
the two angles RFX and SF x will be equal ; consequently 
each of them will be 2° 36'. If we, therefore, deduct tne sum 
5° 12' of these two angles from the angle RFS, or the arc RS, 
which has been found to be 6° 58'|, the remainder 1° 46'| wiQ 
be the measure of the angle XF x, or of the arc X x, concentric 
to the wheel, by which the tooth RX x S will be terminated. 

It results from this remark, that if a wheel of thirty teeth 
is to move uniformly a lantern of eight rungs, impelling these 
rungs only after they have p6issed the line of centres, if the 
play of the wheel in the engagement be one degree, and if the 
distance FG of the centres of the wheel and the lantern be 
thirty-six inches, the radius of each rung being an inch, 
The primitive radius — 

Indies. 

Ofthe wheel will be 28421 

Of the lantern 7-579 

The true radius — 

Of the wheel wfll be 31-374 

Of the lantern 8-079 

The angle RFS, including one tooth of the wheel 

wiUbe 6^58'! 

The arc X x, drawn concentrically to the wheel 

to terminate the tooth, will be 1° 46'| 
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PrMem. 

548. The number of the teeth of a wheel, and the number 
of the wings or leaves of the pinion into which it is to act, with 
the distance FB (fig. 171), of their centres being known, to 
find their primitive and their true radii ; and to determine the 
form of the teeth of that wheel, and the form of the leaves 
of the pinion. 

Solution. 

1st. Having divided the distance PB of the centres into two 
parts AF and AB, proportional to the number of the teeth of 
the wheel, and to the number of the leaves of the pinion, these 
two parts AP and AB, will be the primitive radii of the wheel 
and the pinion ; and if with th^se two parts as radii there be 
described, from the points F and B as centres, two circum- 
ferences R and X, these circumferences, which will touch in the 
point A, will be those of the primitive wheel and pinion. ^Hence 
the radii and the primitive circles of the wheel and pinion will 
be determined, q. e. p. 

2nd. A wheel is generally cut in such a manner that the 
breadth of the teeth is equal to that of the spaces. In this 
case, the primitive circumference R of the wheel is divided into 
twice as many equal parts as it ought to have teeth, in order to 
determine the feet CA, LQ, &c., of these teeth, and the spaces 
AL, GQ, &c., which ought to be between them. But if it be 
required that the teeth should occupy more width than the 
spaces, as is proper in certain circumstances, and as will be seen 
in the scholium of this problem, the primitive circumference 
must first be divided into as many equal parts, CL, LG, &c., as 
it ought to have teeth ; and each part, such as CL, must after- 
wards be divided into two other parts, CA and AL, one of them 
equal to the breadth intended to be given to each tooth, and the 
other to the space intended to be made between two teeth. The 
feet CA and LQ, &c., of all the teeth being determined on the 
primitive circumference of the wheel, straight lines Co, Aa, LZ, 
Qj, &c., nearly equal to the breadths CA and LQ of these feet 
must be drawn through their extremities, towards the centre of 
the wheel, to mark out the straight sides of the teeth ; and 
through the extremities of each foot, such as CA, there must be 
drawn twQ equal epicycloids, CP and AP, the generating circle 
of which Y has for diameter the radius AB of the pinion, 
and which both have for base the primitive circumference of 
the wheel. These epicycloids, when traced out, will contain 
those parts of the teeth which project beyond the primitive 
circle of the wheel ; so that the straight line PP, drawn from 
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the centre of the wheel to the point P, where the two epicycloids 
of one tooth meet, will be the m-eatest true radins which the 
wheel can hare in regard to the breadth given to the teeth and 
to the spaces made between them. The form of the teeth of 
the wheel and its greatest radins will, therefore, be determined. 
Q. E. F. 

3rd. Haying divided the primitive circumference X of the 
pinion into as many equal parts OH, HS, ST, TZ, and ZO, as it 
ought to have leaves, each part, such as OH, must still be divided 
into two other parts Oo, oH, one equal to the thickness intended 
to be given to the leaf, and the other to the breadth of the 

rce which ought to be left between two leaves; observing 
t the breadth oH of the space must be a little greater than 
that of AC the tooth of the wheel, in order that the tooth may 
enter it, and that there may be proper play in the engagement. 
The breadths Oo, HA, &c., of all the leaves of the pinion being 
thus determined on the primitive circumference of the pinion, 
straight lines a little longer than the projection Pp of the teeth 
of the wheel beyond their primitive circle must be drawn through 
their extremities, towards the centre B of the pinion ; and these 
will determine the spaces into which the teeth of the wheel will 
act with the proper play. Then through the extremities of the 
straight sides of each leaf describe two epicycloids, such as Om 
and owj, the generating circle of which Y has for diameter the 
radius AF of the whed, and which both have for base the pri- 
mitive circumference of the pinion. These epicycloids being 
traced out will contain between them the parts of the leaves 
which project beyond the primitive circle of the pinion, so that 
the straight line Bm, drawn from the centre of the pinion to 
the point m, where the two epicycloids of the same leaf meet, 
will be the great.est true radius that the pinion can have, in 
regard to the thickness of its leaves. The form of the leaves of 
the pinion and the length of its greatest radius will therefore be 
found. Q. E. F. 



It has been seen (542) that if the radius BH of the primitive 
circumference of the pinion be impelled by an epicydoid CE, 
projecting beyond the primitive circle R of the wheel, and gene- 
rated by the revolution of the circle Y on the primitive circum- 
ference of the wheel, the pinion will turn in the same manner : 
that is to sav, with the same force and the same velocity as the 
wheel, as if the primitive circumference of the pinion were 
moved by that of the wheel in consequence of their contact, or 
of an engagement infinitely small. It has been seen also (548), 
that if the epicycloid OMw, projecting beyond the primitive 
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circle of the pinion, and described during the revolution of the 
circle V, on the primitive circumference of the pinion is im- 
pelled towards the line of centres by the radius LF of the wheel, 
the primitive circumferences of the wheel and pinion will turn 
with the same force and velocity. In the last place, it has been 
demonstrated that the two opposite sides of the tooth cCFAa, 
and those of the leaves of the pinion ought to have the same 
form, to facilitate their action m each other, and to give the 
wheelwork the power of being moved in contrary directions. 
But, setting out from these principles, it is evident that the 
forms given to the teeth of the wheel and to the leaves of the 
pinion, in the solution of the problem, ai'e proper for causing 
the pinion to be moved by the wheel or the wheel by the pinion 
with perfect regularity : and as the forms of the teeth of the 
wheel and of 3ie leaves of the pinion necessarily determine 
their true radii, the problem is solved. Q. B. d. 

SehoUvm. 

549. As the curved part of the tooth of the wheel (fig. 169) 
must press against the straight flank HK of the leaf of the 

Îinion, in removing from the fine of centres ; and as the point 
3, where that flank will be met by a perpendicular AB, drawn 
to it from the point A, will always be that by which the tooth 
will exercise its impulsive force; it is evident, that the tooth 
CPG will cease to move the leaf HK, when the extremity P of 
that tooth touches that leaf at the point E, where it will be met 
by a right line AE drawn perpendicular to it from the point A : 
therefore, if the extremity P of the tooth arrive at the point E, 
before the straight side ON of the following leaf has reached the 
line of centres, the curved cart OMw of tlmt leaf will be neces- 
sarily impelled by the straight side 12 of the following tooth; 
so that the wheel will move ,the pinion by impelling its leaves 
sometimes before, and sometimes behind the line of centres. 

But if the extremity P of the tooth CPG (fig. 189, 191, 193) 
does not reach the point E, and does not cease io impel the 
straight side HK of the leaf, until the side AN of the following 
leaf has arrived at the line of centres, or has passed that line, it 
will not be necessary that the curved parts of the leaves should 
be impelled by the straight sides of the teeth of the wheel. 
Hence, the wheel may move the pinion by impelling its leaves 
only behind the line of centres. 

As the tooth rubs against the leaf on entering into the 
pinion, when it pushes before the line of centres, and on the 
other hand as it rubs against the leaf in retiring from the pinion 
when it pushes behind the line of centres, and as the friction 
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which taked place on its entering is greater than that whiôh 
takes place on its retiring, because in the first case there may 
be shocks, chiefly when the parts which rub are not very hard 
and well polished ; all mechanists allow that it is much more 
advantageous to cause the leaves of the pinions to push behind 
the line of centres, than to cause them to push sometimes before 
and sometimes behind that line; and if it should be absolutely 
necessary that the teeth of the wheel should catch the leaves 
before the line of centres, they must be made to catch as near to 
that line as possible. 

The advantage which pinions of a certain number of leaves 
have, that they can be moved by the wheels pushing them only 
behind the line of centres, while those which have fewer cannot 
be moved uniformly but bv making them push their leaves 
partly before and partly behind the line of centres, renders it 
necessary to make some observations in regard to the different 
numbers of their leaves. 

I. — For Pinions of Seven Leaves. 

550. A wheel with fifty teeth cannot move in a uniform 
manner, a pinion of seven impelling its leaves behind the line 
of centres. 

In order that the leaves of a pinion of seven may be impelled 
only behind the line of centres (fig. 187) the tooth CEG must 
not quit the leaf HB, until the following leaf AB has reached 
the line of centres, that it may be moved in its turn behind 
that line ; and as in a pinion of seven leaves, the angle ABH, 
comprehended between the two sides by which two neighbour- 
ing leaves may be impelled on the same side, is 51° 25' 43" 
nearly; when the tooth CEG quits the leaf HB, the angle 
FBH will also be 51° 25' 43" nearly. 

If we suppose that the primitive radius AB 6i the pinion 
of seven leaves is seven parts, and solve the triangle ABE, 
right angled at E (549), BE will be found to be 4-364 parts. 

The primitive radius AB of the pinion of seven leaves being 
supposed to be seven parts, and the wheel having fifty teeth, its 
primitive radius AF will be fifty parts ; consequently the dis- 
tance BF of the centres of the pinion and wheel will be fifty- 
seven parts. Hence we shall have given, in the triangle EBF, 
the two sides BE and BF, with the included angle EBF, and 
solving the triangle, the angle EFB will be found to be 3° 35' 50" 
nearly. 

The wheel being supposed to have fifty teeth, the an^le 
BFC or AFC, which ougnt to comprehend one tooth and its 
space, will be 7° 12' ; and if from this angle we deduct the 
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angle EFB, which was found to be 3^ 35' 50", there will remain 
S"; 36' 10" for the angle CFE. 

As the two epicycloids CE and GE, by which one tooth is 
terminated, must be equal, similar and similarly placed, in 
regard to the true radius FE, and as the angle CFE has been 
found to be 3° 36' 10", the angle CFG, which ought to contafai 
one tooth, will be 7° 12' 20" ; consequently it will be 20" greater 
than the angle AFC, which ought to contain one tooth and its 
space ; but this is impossible, since a part cannot be greater than 
the whole. It is therefore impossible also that a wheel of fifty 
teeth should move, in a imiiorm manner, a pinion of seven 
leaves, impelling them merely behind the Ime of centres. 

As a wheel of fifty teeth cannot move uniformly a pinion of 
seven leaves, impelling them merely behind the line oi centres, 
a wheel with fewer than fifty teeth will be still less proper for 
that purpose ; and though in a wheel which has more than fifty 
teeth, the angle found for one tooth might be less than that 
which ought to comprehend a tooth and a space, that for the 
space, which ought to be made between the feet of two neigh- 
bouring teeth, would be so small th^,t it would not be sufficient 
to receive the leaf of the pinion, unless it were made exceedingly 
thin ; and even in case it were made ever so thin, there would not 
be sufficient room between the teeth for the play of the engage- 
ment We may, therefore, conclude that a wheel of any number 
of teeth whatever is not proper to move a pinion of seven leaves, 
impelling its leaves only benind the line of centres ; therefore, 
when a pinion of seven leaves is to be moved by a wheel, the 
leaves must be impelled by the teeth of the wheel partly before 
and partly behind the line of centres, as seen fig. 188. 

IL For Pinions of Eight Leaves. 

551. A wheel of fifty-seven teeth (fig. 189), and even one of 
a greater number, is not proper for moving uniformly a pinion 
of eight leaves, impelling tJiese leaves merely behind the Ene of 
centres. 

In order that the leaves of a pinion of eight may be impelled 
only behind the line of centres, the tooth UEG must not quit 
the leaf HK, until the straight side AN of the following leaf be 
in the line of centres ; and as a space and a tooth must occupy 
an angle of forty-five degrees in a pinion of eight leaves, the 
angle of FBH or FBE will be forty-five degrees. If the primi- 
tive radius AB of the pinion be supposed therefore to be eight 
parts, the side BE of the right-angled isosceles triangle ABE, 
will be found to be 5*657 parts. 

If the wheel be supposed to have fifty-seven teeth, its 
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primitive radius AF will be fifty-seven parts, and BF will be 
sixty-five parts. In the triangle EBF we shall therefore have 
given the two sides, BE and BF, with the contained angle EBF, 
to determine the angle EFB or EFA, which will be found to be 
3P 45' r. 

The angle BFC, which contains one tooth and a space, being 
6° 18' 57" nearly, because the whec^l is supposed to have fifty- 
seven teeth, the angle CFE will be 2° 33' 50"; and as the two 
epicycloids which contain the tooth CEG will be equal, the 
angle CFG, comprehending that tooth, will be 5° 7' 40" ; con- 
sequently the angle AFG of the space between the bases of 
two neighbouring teeth will be only 1° 11' 17". 

But as the angle AFG of this space is not sufficiently great 
to receive a leaf of a reasonable thickness, with a play proper 
for a good action, it ought to be concluded that a wheel of 
fifty-seven teeth is not proper for moving a pinion of eight 
leaves, impelling the fianks of these leaves merely behind the 
line of centres : and as a wheel of a greater number of teeth 
would not have a greater space between its teeth, as might 
easily be proved by a calcination similar to that already made, 
it would not be more proper for moving a pinion of eight leaves, 
impelling these leaves only behind the line of centres. 

Therefore, when a pinion of eight leaves is to. be moved 
uniformly by a wheel of any number of teeth whatever, its 
leaves must be impelled by the teeth of the wheel, partly before 
and partly behind the line of centres, as seen fig. 190. 

III. For Pinions of Nine Leaves. 

552. If a pinion of nine leaves (fig. 191) is to be moved 
uniformly by a wheel of sixty-four teeth, or by a wheel of a 
greater number, impelling these leaves merely behind the line 
of centres, the leaves would be somewhat too weak. 

At the moment when the tooth CEG ceases to mov^ the 
leaf HK, and the side AN of the following leaf is in the line of 
centres, the angle HBF will be forty degrees. Therefore, if we 
suppose the primitive radius of the pinion of nine leaves to be 
nine parts, and solve the right angled triangle ABE, BE will 
be found to be 6*8944 parts. 

If the wheel be supposed to have sixty-four teeth, its prinii- 
tive radius AF will be sixty-four parts, and the distance BF of 
the centres will be seventy-three parts. In the triangle EBF, 
therefore, we shall have given the two sides BE and BF, with 
the included angle, and solving the triangle, the angle BFE or 
AFE wiU be found to be 3° 44' 39". 

As the wheel has sixty-four teeth and sixty-four spaces, the 
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angle AFC, containing one tooth and a space, will be 5° 37' 30"; 
and if we take from it the angle AFE, wnich has been found to 
be 3° 44' 39", there will remam 1° 52' 51" for the value of the 
angle CFB, consequently the angle CFG wiU be 3° 45' 42". 

In the last place, if we take from the angle AFC the angle 
CFG, there will remain V 51' 48" for the angle AFG of the 
space between the two teeth of the wheel. But as this angle is 
not greater than the half of CFG, which contains one tooth ; 
and as the play of the engagement ought to be taken from that 
angle AFG, there would remain too little of it for lodging the 
leaf of the pinion : the leaves of the piuion, therefore, would be 
too weak. 

As a wheel of a greater number of teeth made to move a 
pinion of nine leaves, impelling those leaves merely behind the 
line of centres, would not have between its teeth spaces sensiblv 
greater than those found for a wheel of sixty-four teeth, there is 
reason to conclude* that a pinion of nine leaves, in order to be 
moved uniformly, requires to be impelled partly before, and, for 
the most part, behind the line of centres, ng. 192, 

IV. For Pinions of Ten Leaves. 

553. A pinion of ten leaves may be moved uniformly (fig. 
193) by a wheel of seventy-two teeth, impelling the sides of 
these leaves merely behind the line of centres, provided the 
space of the pinion be a little more than the thiclmess of the 
leaf. 

When the tooth CEG quits the leaf HK, and the side AN 
of the following leaf is in the line of centres, the angle HBF 
will be thirty-six degrees ; but if we suppose the primitive radius 
AB of the pmion of ten leaves to be ten parts, BE will be found 
to be 8-0902. 

As the wheel is supposed to have seventy-two teeth, its pri- 
mitive radius AF wUl be seventy-two parts ; and the distance 
BF of the centres will be eighty-two parts. In the triangle 
EBF, therefore, we shall have given the two sides BF and BE, 
with the included angle to determine the angle BFE, which 
will be found to be 3^ 36' 22". 

As the wheel has seventy-two teeth and seventy-two spaces, 
the angle BFC, containing a tooth and a space, will be five 
degrees ; hence the angle CFE will be 1° 23' 38" ; consequently 
the angle CFG will be 2° 47' 16". 

In the last place, if the angle CFG be taken from the 
angle BFC, there will remain 2^ 12' 44" for the angle AFG 
of the spac^ between two teeth ; and as this angle is almost 
equal to CFG, which comprehends one tooth, it is sufficiently 
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lai^ to receive a reasonably thick leaf, and to admit of snf* 
ficient play. A wheel, therefore, of seventy-two teeth can move 
uniformly a pinion of ten leaves, impelling the sides of its leaves 
behind the line of centres only ; provide that the space of the 
pinion be a little greater than the thickness of the leaf. 

It is, however, to be remarked, that as a wheel of seventy- 
two teeth must have a little more width for the teeth than for 
the spaces, in order to move a pinion of ten leaves, if a wheel 
of the same number of teeth were made with as much width 
for the spaces as for the teeth as is customary, the leaves of a 
pinion of ten, in which this wheel would act, must necessarily 
require to be caught by the teeth of this wheel a little before 
the line of centres, as seen fig. 194. 

Bemarhs. 

554. In all the wheels (figs. 187, 189, 191, and 193), the 
engagement of which with pinions of seven, eight, nine, and ten 
leaves has been examined, the straight line FÉ, drawn from the 
centre of the wheel to the point E, where the tooth quits the 
leaf of the pinion, divides the tooth of the wheel into two parts, 
equal and similar. Hence the teeth of these wheels are pointed : 
but the case cannot be otherwise in wheel-work of this kind, 
when it is required that the pinion should be moved uniformly, 
and that its leaves should be impelled behind the line of 
centres. 

If the pinion had a greater number of leaves as eleven or 
twelve, the tooth might be traced out at first a little longer than 
necessary, to drive the leaf HK beyond the line of centres, 
until the side AN of the following leaf has reached that line. 
The whole quantity of the tooth exceeding the length neces- 
sary to move the pinion, as already mentioned, might then be 
cut off; or this tooth might be terminated by an arc of a 
circle, touching the two epicycloids of the tooth, as will be ex- 
plained for the teeth of wheels, which are to move pinions by 
impelling their leaves partly before and partly behind the line 
of centres. 

When the leaves of a pinion can be impelled only behind the 
line of centres, it is to be remarked, that its leaves have no 
need of being prolonged beyond its primitive circumference ; 
and that the true diameter ma^ be equal to the primitive. But 
as the angles by which the sides of the leaves would be ter- 
minated might scrape against the teeth of the wheels, and 
occasion stoppages in the machine, it is necessarj^ to keep the 
true diameter of the pinion greater than its primitive diameter, 
by a quantity nearly equal to the thickness of the leaves ; and 
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to round the extremities of the leaves into half cylinders, 00 
that if any tooth should catch the leaf before the line of centres, 
it might glide over the rotundity of that leaf. 

555. In the case where the leaves of the pinion are too 
small in number {fig. 171) to be impelled merely behind the 
line of centres, when all the epicycloids which contain the teeth 
of the wheel, and all those which terminate the leaves of the 
pinion have been traced out, all the teeth of the wheel must 
first be slightly blunted, making them to terminate as the tooth 
CPA, either by a small arc Ee, concentric to the wheel, or by 
an arc touching the two opposite epicycloids of the tooth, in 
two points E and e, very near the extremity. 

Each tooth, such as CPA, of the wheel being thus blunted, 
draw at the extremity E of one of its epicycloids a perpendicular 
EA, meeting the primitive circumference of that wheel in some 
point A, which may be different from the foot of the other 
epicycloid. Then having placed that point A in the line of 
centres, and drawn a perpendicular AM to the side Xil of the 
following tooth, each leaf, such as O m of the pinion, may be 
blunted by an arc M w, concentric with the pinion, or by any 
other arc touching the two epicycloids of that leaf in the two 
points M, n. But by thus blunting the leaves of the pinion, the 
straig^ht line BM is the least true radius that can be given to 
the pinion. 

Advertisement. 

556. Though the rules here explained for forming the teeth 
of wheels, whether they move lanterns or pinions, and those 
given for the rungs of lanterns, and for tracing out tiie leaves of 
pinions, cannot easily be put in practice but in cases where the 
teeth are to be of the same size, or greater than those repre- 
sented in the annexed figures, they will not be useless to me- 
chanists who have to form teeth much finer, because, when they 
have before their eyes the figure of a large tooth, similar to those 
which they are to execute on a small scale, it will be easy for 
them to imitate it by the eye. 

As they cannot nope to form the teeth with all the equality 
and precision necessary to make the primitive circumferences of 
the wheel and of the pinion or the lantern, to turn with the same 
force and velocity ; as inequality and other defects in the teeth 
might prevent some teeth from impelling to the necessary dis- 
tance behind the line of centres the leaves or rungs which they 
ought to move ; and as the consequence might be shocks of the 
leaves or rungs against the sides of the teeth, which would catch 
these leaves or rungs too soon before the line of centres, me- 
chanists may prevent this inccmvenience by making the primi- 
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tiye diameter of the wheel a litde larger than it ought to be, in 
regard to that of the lantern or pinion. 

By means of this enlargement of the diameter of the wheel, 
which ought to be proportioned to the faults that ma^ be appre- 
hended in the teeth, the tooth which follows that which impels 
the rung or leaf behind the line of centres, catches a little later 
the rung or leaf which follows ; and when the preceding tooth 
has impelled the rung or leaf behind the line of centres, as far 
as it can do uniformly, the wheel acquires a little more velocity 
than it communicates to the lantern or. pinion, which is a defect ; 
but this error into which one voluntarily» falls, is less to be 
apprehended 'than the shocks to which we should be exposed in 
attempting to avoid it. 

It is evident, that what has been said on the enlargement of 
the diameter of the wheel beyond what is necessary for moving 
uniformly the lantern or pinion, supposes the lantern or pinion 
to be driven by the wheel ; but when the wheel is moved by a 

Sinion, it is evident, that to avoid shocks it is the primitive 
iameter of the pinion that must be made a little larger than 
necessary to move the wheel uniformly. 

As the teeth of a wheel ought to impel the rungs of a 
lantern by removing them from uie line of centres, and as no 
shocks are to be apprehended in this method of moving a 
lantern, one may, without any inconvenience, cause a Icmtem 
to be moved by a wheeL But as the rungs of a lantern ought, 
on the other hand, to impel the teeth of a wheel by bringing 
them near to the line of centres ; and as shocks may take mace 
in this method of driving a wheel, there is reason to conclude, 
that when a wheel is to be driven, a pinion is preferable to a 
lantern. 

Hitherto the object has been only flat wheels, the axes of 
which are always parallel to those of the lanterns or pinions in 
which they act. We shall now speak of crown wheels, called 
commonly bevelled wheels,* the axes of which are usually per- 
pendicular, and may be more or less inclined to those of their 
lanterns or their pinions ; and we shall show that the Icmtems 
and pinions îq which wheels of this kind act ought to be conical. 

Defintiions. 

557. Let there be a right cone CAPBQT (fig. 195), the 
apex of which C remains immovable. If the base APBQT of 
this cone be made to revolve on a plane EES, placed in any 
manner in regard to the point C, and if we suppose a style or 

* In French, Boues de Chan, 
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tracer situated in the point A of the circumference of the 
revolving circle, this $tyie A will describe, during it» motion, a 
curve AMGF, which is called a spherical epicydoid. 

The style A, affixed at the circumference of the base of the 
cone, being always at the same distance from the fixed point 0, 
where the apex of the cone remains, all the points of the curve 
AMGF, traced out by the style A, will be equally distant from 
the same point C, consequently will be on the surface of a 
sphere, which will have the point C for its centre. Hence the 
curve AMGF may be called spherical ; and as it is of the epi- 
cycloidal kind, because it is formed by the revolution of a circle 
APBQT on the circumference of another circle RES, it may be 
called a spherical epicycloid. 

The circle APBQT, which in revolving describes the spheri- 
cal epicycloid, is called the generating circle of that curve ; and 
the part EES of the circumference, on which it rolls, is called 
the base of that epicycloid. 

If the point C, to which the apex of the cone is affixed, be in 
the centre of the circle RES, on which its base is made to roll, the 
whole convex surface of the cone will roll on the plane of that 
circle. But if the apex C of the cone is not in the plane RES, 
the convex surface of the cone CAPBQT will always rest on the 
convex or concave surface of another right cone CRAEFS, ac- 
cording as the point is above or below the circle on which 
the base of the movable cone is made to roll ; cmd as the plane 
of a circle may be taken for a cone infinitely obtuse, it may be 
said that a spherical epicycloid AMGF is generated by a style 
A affixed to the convex surface of a right cone, the apex of which 
C is affixed to that of another right cone, and which rolls on the 
curved surface of the second cone. Thus, while the point A, 
common to the convex surface and base of the rolling cone 
(fig. 196), traces out an epicycloid AMGF, any other point a 
of the convex surface of the same cone will trace out another 
spherical epicycloid amgf on the surface of a sphere, which will 
have aC for its radius ; so that any part whatever Aa of a side 
AC of the rolling cone will generate the convex surface of a sort 
of truncated cone, terminated by two epicycloids, AMGF, amgf, 
parallel and similar. 

Corollary I. 

558. As the base APBQT of the rolling cone (fig. 195) ap- 
plies in succession all the parts of its circumference to those of 
the base AEF, this base AEF must necessarily be of the same 
length as the circumference of the circle AJrBQT ; and each 
portion, such as AD or AE of the same base, must be equal to 
each part DM or ELG of the circumference which rolls upon it. 
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Hence, when the sphere on which the spherical epicycloid 
is to be traced out is given, and the size and position of the 
rolling cone which is to generate that epicycloid are known, it 
will bd easy to find as many points of that curve as may be 
required. For if as many circles MDN, GLE, &c., equal to the 
base of the rolling cone, as we wish to have points of the epi- 
cycloid described, and if on the circumferences, beginning at tne 
points D, E, &c., where they touch the base, we take arcs DM, 
ELG, &c., equal to the arcs AD, AE, &c., of that base, com- 
prehended between the origin A of the epicycloid and the points 
of contact D, E, &a ; the points M, G, &c., will belong to the 
spherical epicycloid, and tne curve made to pass through all 
tnese points wUl be the spherical epicycloid itself. 

If it be required to trace out the spherical epicycloid 
amfff(ûg. 196), which must be described by the point a, while 
the epicycloid AMGF is described by the point A, it will be 
necessary to take another sphere, having a C for its radius ; and 
after there has been traced out on the surface of this sphere a 
portion -a e/ of a circle, placed in regard to this sphere, as the 
first circle AEF is in regard to the first sphere, the arc aef 
must be taken as the base of the new spherical epicycloid. In 
the last place, having drawn, in the roUing cone, a diameter a t, 
parallej to the plane of its base, take the circle which has a i 
for its diameter, as the generator of the epicycloid required. 
Jhe base and generating circle of the epicycloid which is to be 
described beiag found, any number of points of the epicycloid 
may be determined as beu)re described. 

Corollary H. 

559. If the axis CK of the cone CAPBQT remained im- 
movable (fig. 196),^ and if in making the spherical cone ORES 
turn on its axis, its surface by its contact carried with it that of 
the cone CAPBQT, it is evident that all the parts of the cir- 
cumference APBQT would be successively applied to those 
of the arc A E P ; and that the points A a of the convex surface 
of that cone would trace out on the surface of the two concentric 
spheres the two spherical epicycloids AMGF, and amgf, the 
construction of which has been explained ; so that the portion 
A a of the side of the same cone will generate the convex sur- 
face of a kind of truncated cone, contained between these two 
similar and parallel epicycloids. 

It thence follows, that if, in the portion of a hollow sphere, 
there be cut a portion of a truncated cone, the convex surface 
of which is terminated by the two epicycloids AMGF and 
am fff, just constructed; this portion of the epicycloidal .trun- 
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catedcone will move the cone CAPBQT, împelKng it by the 
portion A a of its, side, in the same manner as the spherical 
cone ORES would move it by communicating to it its motion 
merely by contact, or by an engagement infinitely small. 

But the spherical cone C RE S, in moving the cone CAP 
B Q T by mere contact, will communicate to it all its velocity, 
and consequently all its force. 

The truncated portion then of the epicycloidal cone, impel- 
ling by its convex surface the part A a of the side AC of the 
cone, will communicate to the surface of that cone all its 
velocity, and consequently all its force ; hence the base APR 
Q T of this cone will turn with the same velocity and the same 
fojrce as the circle R E S of the sphere. 

As it is essential to the perfection of wheel-work, that a part 
which moves another should communicate to it the velocity it 
has itself, it will be from this corollary chiefly that we shall 
deduce the best form that can be given to the teeth of a crown 
wheel, which is destined to move a lantern. A portion AM 
ma (fig. 196) of the convex surface of the epicycloidal trun- 
cated cone, cut in the hollow sphere, will represent the side of 
a tooth of a wheel ; and the part A a, of the side AC of the 
cone, will represent an infinitely small rung of the lantern : and 
as aU the other rungs will be disposed in the same manner as 
the rung Aa, in regard to the axis CK of the cone, all the rungs 
of the lantern vdll be distributed on the convex surface of a 
truncated cone, the apex of which will be in the centre C of the 
hollow sphere in which the teeth of the wheel are cut. 

Problem. 

560. The number of the teeth of a crown wheel, and the 
rungs of a lantern in which it is to act, being given (fig. 196 and 
200) ; also the position of the axis of the lantern m regard to 
that of the wheel, and the diameter of the circle RES, which is 
to pass through the commencement of the exterior rotundity of 
all the teeth, to trace out the teeth of the wheel, and to find the 
size and form of the lantern. 

Solution. 

Draw the straight line RS (fig. 197, 198, 199) equal to the 
diameter of the circle, which is to pass through the cotnmence- 
ment of the exterior rotundity of all the teeth of the wheel, and 
divide it into equal parts by the perpendicular XY, which will 
represent the axis of the wheel. Having then drawn through 
the extremity of the line RS a straight line RT, making with 
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ES an angle TES equal to the angle KCX, which the axis of 
the lantern ought to form with that of the wheel, make RÏ of 
such a length that ES may be to ET, as the number of the 
teeth of the wheel is to the number of the rungs of the lantern. 
This line ET, which in future we shall call the principal diameter 
of the lantern, will be that which the lantern will have at the 
place where its rungs are met by the exterior faces of the teeth 
of the wheel. 

Having then drawn through the middle of the straight line 
ET, a perpendicular KC, as far as the axis of the wheel, this 
perpenaiciuar will be the axis of the lantern, which must be 
made conical, and the point C, where this axis meets that of the 
wheel, will be the summit of the lantern ; so that the indefinite 
straight lines, CEG and CTF, drawn through the point C and 
the extremities of the principal diameter ET, will be the direc- 
tion of the axes of the rungs of the lantern. 

The same point C, where the axis of the lantern meets that 
of the wheel, will be the centre of a spherical zone or belt, 
which may be made of any thickness at pleasure, in order to 
cut in it the teeth of the wheel ; therefore, if from the point C, 
as a centre, and with the radius CE, there be described an arc 
AED, one part of which AE is a little greater than the height 

E roper to be given to the teeth of the wheel ; and the other ED 
e equal to the rim of that wheel, without including the teeth, 
by making this arc AED revolve around the straight line XY 
as axis, there will be formed a spherical zone ADEB, the upper 
part of which AESB will serve to form the exterior faces of the 
teeth of the wheel, and the lower part ED ES will be the rim 
which will sustain these teeth ; so that the circumference of the 
circle having ES for diameter, will pass through the origin of 
the exterior curves of all the teeth. 

Having drawn through the extremities of the arc AE the 
two radii CA and CE ; and having taken on one of them a 
part A a, equal to the thickness required to be given to the 
teeth of the wheel, describe from the point C, as a centre, the 
arc a r between these radii ; and making this arc revolve around 
the axis XY of the wheel, there will be formed a spherical zone 
ar 8 6, on which must be traced out the interior faces of all the 
teeth, the curves of which will proceed from the circumference 
having r a for its diameter, and described by the niotion of the 
point r. 

The two zones, the exterior ARSB and the interior arsh, 
of the teeth of the wheel being determined, with the size and 
position of the principal diameter ET of the lantern, draw 

Sarallel to that diameter two straight lines FG and HI, the 
istance of which from each other shall be equal to that intended 
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to be made between the two plates of the lantern, and which 
may be equally distant nearly from the two zones, the exterior 
and intenor of the teeth. These two straight lines FG and 
HI, when terminated by the two straight lines ORG and CTF, 
will represent the diameters of the two circumferences which 
must be traced out on the two opposite plates of the lantern, 
through the centres of the rungs, which ought to be conical, 
and whose summits will meet with that of Vie lantern in the 
centre C of the two spherical surfaces of the zone, in which the 
teeth of the wheel must be cut 

All the dimensions of the lantern being determined, and a 
part of the spherical belt, in which the teeth are to be made, 
beinç formed of plaster or any other matter sufficiently solid, 
nothing will be necessary but to describe on the opposite sur- 
faces of this belt, the exterior said interior fstces of a tooth, in 
order to have a model for tracing out the rest. 

As a description of the curves of the opposite faces of one 
tooth of the wheel will depend on the size intended to be given 
to the rungs of the lantern, and as the curvature of the teeth 
which are to drive conical rungs of a finite diameter cannot be 
determined but by corrections made in the form of the teeth 
proper for moving rungs infinitely small, order requires that the 
rest of the solution should be divided into two parts. In the first, 
we shall show how to trace out the teeth of a wheel for rungs 
infinitely small ; and in the second, shall explain the corrections 
which ought to be made to these first teeth, in order to put 
them in a state to move uniformly conical run^, the summits 
of which meet in the centre of the spherical belt, in which 
the teeth are formed. 

L For the Teeth of a Crown Wheel when the Bwngs of the Lantern 
are infinitely small. 

561. It has been demonstrated (559), that if the zone of a 
hollow sphere (fiç. 196) be cut into a truncated form, the con- 
vex surface of which AGrFfg a, is terminated hj two spherical 
epicycloids AMGF, amgf generated by two points A, a of the 
same side of a cone GAPBQT, during the rolling of that cone 
on the convex surface of another cone ORAEfS, the convex 
surface of this truncated part in impelling the portion Aa, of 
the side of the cone GAPBQT, will communicate to the cir- 
cumference of the base of that cone all the velocity of the 
circumference of the circle RAEFS ; and as the portion Aa of 
the side of the cone GAPBQT may be taken for a rung infinitely 
small of a lantern, having the same dimensions as the cone, and 
as the rung A a is directed towards the centre G, of the portion 
of the spherical belt which moves it, there is reason to conclude 

E 
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that the tooth AMNnma of the wheel, the side of which AM 
m a is a portion of the convex surface of the epicycloidal trun- 
cated part already mentioned, is the most perfect for moving a 
run^ of a lantern infinitely small ; and that this rung ought to 
be Greeted towards the centre C of the spherical. bel^ in which 
the teeth of the wheel are cut. Q. e. f. 

As it is in some measure necessary, or at least very useful, 
that the teeth of the wheel should move the lantern in contrary 
directions, it is evident that each tooth, such as AMNnma, 
ought to have the two opposite sides, AM ma NM mri, equal, 
similar and similarly placed ; and that this tooth ought to be 
sufficiently long to move the rung Aa beyond the plane which 
passes through the axes of the wheel and the lantern, until 
another rung arrives in the same plane, to be moved in its turn 
by another tooth of the wheeL 

The other remarks which might be made on the figure and 
length of the teeth, and the memod of forming the teeth of a 
crown-wheel, which is to move a lantern with rungs infinitelv 
small, and on the space which oi^ht to be left between the teeth 
for the play of the engagement^ being similar to those made in 
section 545 in regard to flat teeth, which move lanterns with 
rungs of the same kind, it is needless to give here what would 
be merely a repetition of the same principles. 

n. — For the Teeth of a Orown-Whed which moves a Lantern with 
conical Bungs of a determinate Diameter. 

562. First trace out the teeth of the wheel as if it had to 
move a lantern with rungs infinitely small (fig. 200\ taking 
care to leave for the play of the engagement small spaces 
between the feet of all the teeth. 

Having then made a lantern with conical rungs, all the 
summits of which meet in the centre C of the spherical belt, in 
which the epicycloidal teeth have been cut^ mark, on the exterior 
surface of that belt, the diameter which one rung has at the 
place A, corresponding to that surface ; and mark, in like 
manner, on the mterior surface of the same belt, the diameter 
which ihe same rung has at the point a, where it meets that 
surface. 

The diameters which the rungs will have in the opposite 
surfaces of the dentated spherical belt being marked out on 
these surfaces, take, on these surfaces, the chords of half the arcs 
to which these diameters correspond. These chords, which will 
not be sensibly^ longer than the radii of a rung, measured at the 

E laces where it is met by the two spherical surfaces of the belt^ 
eing taken as radii ; describe, on tne exterior and iaterior faces 
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of each tootli as many small arcs as possible, having their 
centres in the epicycloids, between which these faces are 
included. Having then made to pass through these small arcs 
curves, such as OM, VN, which will necessarily be parallel to 
the epicycloids first traced out, and which will form the curved 
parts of the new teeth, proper for moving the conical rungs 
already mentioned, make, in the rim of tne wheel, below the 

Erimitive circle EE8, indentations, such as VXYZ, terminated 
y two planes, which will pass through the axis of the wheel 
and the origin V and Y of the curves parallel to the epicycloids. 
The curves OM and VN", and the straight sides OP and VX 
of each new tooth, being traced out on the exterior and interior 
surfaces of the spherical belt, cut out the teeth in such a manner, 
that a straight line fixed by its extremity at the centre C of the 
dentated belt, being moved along the sides POM, XVN, of 
the exterior surface of each tooth, may be applied exactly to the 
lateral surfaces of these teeth, and you will then have a wheel 
proper for moving the lantern with conical rungs for which it 
was constructed. 

Advertisement, 

563. Though fig. 200 represents only spherical epicycloids, 
containing the exterior faces of the first teetn, proper lor moving 
rungs infinitely small, and as to avoid confusion we have sup- 
pressed those which ought to contain the interior faces of the 
same teeth, we have however traced out all the curves which 
must be drawn parallel to these epicycloids, to reform the first 
teeth, and put them in a state to move uniformly a lantern with 
conical rungs, the summits of which are in the axis of the wheel. 

As the small arcs of circles, which ought to have their 
centres in the spherical epicycloids, and through which the 
curves parallel to these epicycloids must be drawn, might have 
occasioned confusion, had they been traced out on the surfaces 
of all the teeth, they have been described only to reform one 
exterior side of one tooth marked H. 

All the remarks which might be made on the manner of 
terminating the new teeth, or of blunting their points, and of 
putting them into such a state as not to impel the rungs till 
they have passed the plane of the axis of the wheel and of the 
lantern, in order to avoid friction on entering, being nearly 
the same as those given, section 546, in regard to flat wheels, it 
is needless here to repeat them. 

Theorem. 

564. While the circumference of the base of a right cone 
CABT (fig. 201), the axis of which CK remains motionless and 
whose apex C is in the axis QO of a circle RES, is moved by 

E 2 
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the circumference of that circle, and (559) a point A of the 
circumference of the base of that cone descrioes a spherical 
epicycloid AGF, on a spherical zone EESXT, which has for 
radius the side CA of that cone; if we suppose a second 
right cone MAPK touching the circumference of the base 
of the former in the point A, where it is met by that of the 
circle EES, and which consequently is obliged to turn as well 
as the first cone ; if the new cone has its apex M in the axis of 
the circle BES and its axis ML parallel to that of the first, 
and if its base APK has for diameter the radius AK of the base 
of the first cone, a style A aflSxed to the circumference of the 
base of the second cone, will pass over the diameter AT of 
the base of the firsts and at the same time describe a ^herical 
epicycloid A THE, on a second spherical zone EESVZ, which 
mil have for radius the side MA of this new cone. 

Demonstration. 

A part of the demonstration of this theorem is the same as 
that of paragraph 538, and the other part is a consequence 
of the defimtion of spherical epicycloiqs similar to that of 
paragraph 557. 

Corollary I. 

565. Since the style A, aflSxed to the circumference of the 
circle APK ^fig. 201), describes at the same time the diameter 
AT of the circle ABT, and the spherical epicycloid A THE, on 
a zone EESVZ which has MA for radius, it may readily be con- 
ceived that the spherical epicycloid AIHE will continually 
touch the diameter AT of the circle ABT, while the circum- 
ference of this circle will be moved by that of the circle EES, 
and will turn mth the same velocity as it does. Hence it is 
evident, that instead of making the circumference of the circle 
ABT to be moved by that of the circle EES, to communicate to 
it the whole velocity of the latter, we may make a part AL 
of the diame ter A T, to be impelled by a part AI of the spherical 
epicycloid AIHE. 

Corollary IT. 

566. If the circle BES be considered as the base of a right 
cone CEES, the convex surface of which touches that of the cone 
CABT in a straight line CA, and if these two cones be con- 
ceived to be cut, parallel to their bases, by the planes res^aht, 
drawn through the same point a, taken at pleasure, of the line 
CA, common to their convex surfaces ; the circumference of the 
section rea will move the cone CABT, by the circumference 
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ali of the section, in the same manner as the circumference BES 
would move it by the circumference of its base ABT. 

This being premised, if we suppose, as in the theorem, a right 
cone maphy the base of which aph has for diameter the ramus 
ai of the circle alt and touches internally the point a of the 
circumference of this circle, so that the new cone moved by 
the circumference res shall be obliged to roll within the circle 
a 6/, a style a fixed in the circumference of the circle aph will 
traverse the diameter atoî the circle a 6 <, and at the same time 
describe a spherical epicycloid a i A a , on a spherical zone reBUZ^ 
which will nave for radius the side m a of this new cone. 

Hence the spherical epicycloid aihe will continually touch 
the diameter at of the curcle ahty while its circumference will 
be ïnoved by that of the circle res; consequently, instead of 
causing the circumference of the circle a 6^ to be moved by that 
of the circle r e s, to give it all the velocity of the latter, a part 
aZ of the diameter at mav be made to be impelled by a part ai 
of the spherical epicydoia aihe. 

Corollary HI. 

567. It follows from the last two corollaries, that if there be 
cut in the portion of a hollow sphere a truncated part AHE eha^ 
the convex surface of which is terminated by two spherical epi- 
cycloids AIHE, aihe^ of which mention has been made in tne 
theorem, and in the preceding corollary, this truncated part will 
move the cone OABT, impeUing it by a plane AK h a drawn 
through its axis, as it would be moved by the circumference of 
the circle EES, or that of the circle re By carrying it along by 
the circumference of its base ABT, or by that of the section 
alt. 

And as the circumference ABT of the base of the cone will 
acquire all the velocity of the circumference of the circle EES, 
when it is moved by flie circumference of that circle, or when 
the section of it alt is moved by that of the circle reB^ it is 
evident that the circumference ABT of the base of that cone 
will acquire all the velocity of the circumference EES, when 
the truncated part comprehended between the two spherical 
epicycloids AISjB, aihoy impels it by a plane AK A; a, passing 
through its axis CK. 

568. It is from this corollary that we shall deduce the con- 
struction of crown-wheels, and of the pinions they are destined 
to move. A portion AI î a of the convex surfeice of the epicy- 
cloidal truncatedpart, comprehended between the two spherical 
epicycloids AIHE, aihe^ will represent the side of a tooth AIN 
nia^ which can move the leaves of a pinion, after they have 
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arrived in the plfioie of the axes of the wheel and the pinion ; 
and the trapezium AK ka terminated by the axis GE ; and by 
the side CA of the cone CABT will represent the side of a leaf 
of the pinion. And as all the other leaves of the pinion will be 
disposed in the same manner as AE ka, in reganl to the axis 
CK of the cone, all the leaves of the pinion y/UI be contauied 
in the truncated part of the cone, comprehended between the 
two circles ABT, alt; so that the sides and ends of the leaves 
will be directed towards a point of the axis of the hollow 
sphere, in which the teeth of the wheel are cut. 

Problem. 

569. The number of the teeth of a crown-wheel (fig. 202), 
and that of the leaves of a pinion, which is to be engaged with 
it, being given, and also the position of the axis of the pinion, in 
regard to that of the wheel, and the diameter of the circle B£S, 
wmch passes through the origin of the exterior curves of all the 
teeth, to trace out the teetn of the wheel, and to determine 
the size and form of the pinion. 



Solviion. 

As in the solution of the preceding problem (560), draw a 
straight line EES (fig. 203, 204) equal to the diameter of the 
circle, which is to pass through the origin of the exterior curva- 
ture of all the teeth, and divide it into two equal parts by a 
girpendicular XY, which will represent the axis of the wheel, 
aving then drawn through the extremity E of that line a 
straight line ET, making with it the angle TEE, equal to the 
angle ECX, which the axis of the pinion ought to form with 
that of the wheel ; make ET of such a length, that ES may be 
to ET as the number of the teeth of the wheel is to the number 
of the teeth of the pinion which is to be engaged with it ; and 
this straight line, which majr be called the principal diameter of 
the pinion, will be that which this pinion will have, without 
comprehending the rounding of its leaves at the place where it 
will be met by the exterior faces of the teeth of tne wheel. 

Having then drawn through the middle of the straight line 
ET, a perpendicular EC, as far as the axis of the wheel, this 
perpendicular will be the axis of the pinion which ought to be 
conical (568) ; and the point C, where this line meets with the 
axis of the wheel, will be the apex of the cone in which the 
pinion must be cut ; so that the straight lines CEG, CTF, drawn 
through the extremities of the principal diameter ET, will mark 
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the direction of the ends of the plane sides of the leaves of the 
pinions. 

Having taken, in CB> a part E r, equal to the thickness 
which the teeth of the wheel ought to have, at the commence- 
ment of their rotundity, draw, in the angle TOE, a straight line 
rty parallel to ET, and the trapezia EK«r, TKkt will represent 
the plane sides of the two leaves of the pinion. But as it is 
advantageous to give to the body of the pinion a greater length 
than the part through which the leaf mav be iinpelled ought to 
have ; draw still in the angle TOE, parallel to ÉT, and at dis- 
tances nearly equal from the two straight lines ET, rt, two 
straight lines GF, fff, and take the trapezium FG^/, as the 
profile of the pinion, cut according to its axis, though none but 
the part of that pinion corresponding to the trapezium ET^r 
can be met by the teeth of the wheel. 

The two straight lines ET, rt, being divided into two equal 
parts by the axis CK of the pinion, and having drawn to the 
middle of their halves, KH, hr, perpendiculars LM, Im, which 
will meet the axis of the wheel in two points M, m, first describe 
from the point M, as a centre, through the point E, an arc KED 
the part of which EK shall be a httle longer than the height 
which, according to supposition, can be given to the curved parts 
of the teeth of ïke wneel, and the other part ED equal to the 
rim of that wheel, without comprehending the round parts of 
the teeth ; then cause this arc KKD to turn around the straight 
line XY as an axis, and there will be formed a spherical zone 
KDEB, the upper part of which KESB, will serve to form the 
exterior curved faces of the teeth of the wheel ; and the lower 
part EDES will be the rim which supports the teeth. 

Then, from the point w as a centre, with the radius m r, 
describe another arc krd; if this arc be made also to turn 
around the straight line XY as an axis, there will be formed a 
new spherical zone kdeh, on the upper part of which are to be 
traced out the interior faces of the teeth of the wheel, the cur- 
vatures of which must proceed from the circumference of the 
circle described by the radius r e. 

The dimensions of the pinion being determined, and the 
spherical belt, in which the teeth must be cut, being formed of 
any materifid sufficiently solid, the problem will then oe reduced 
to this : to trace out on the exterior and interior surfaces of this 
belt the exterior and interior &ces of a tooth, in order to have a 
model for tracing out all the rest. 

To form the side of the exterior face of a tooth, describe on 
the surfetce of the zone, represented by its profile ESBK, a 
portion of a spherical epicycloid, having for generating circle 
the base of the cone, the profile of which is represented by the 
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triangle EMB, and haying for base the ciicumference of the 
circle described by the point E, in the revolution of the arc 
EE around the axis XY ; and to trace out a side of the interior 
face of the same toothy describe on the surface of the zone, 
rejMresented by its profile rslk, & portion of a spherical epicy- 
cloid, having for generating circle the base of the cone, the 
1)rofile of which is the triangle kmr, and for base the circum- 
erence of the circle of which r « is the diameter. 

The two straight lines A a» N n (fig. 201), directed towards 
the apex C of the cone of the pinion, being the ori^n of the 
curved sides o£ a tooth, and the two portions AI, a i of the epi- 
cycloids, which ought to border one side of the exterior and 
interior faces of that tooth being traced out, describe two other 
portions NI, n i of epicycloids, equal and similar to the two 
former, which they wiU meet in the points I, i ; and the spaces 
AIN, a i ,n will be the models on which must be formed the 
exterior and interior faces of all the teeth of the wheel : the 
problem therefore will be completely solved. 

Advertisement. 

570. In this problem we have determined only Uie curved 
parts of the teeth of the wheel, by which the plane sides of the 
leaves of the pinion ought to be impelled, after they ^ave 
arrived in the plane of tibe axes of the wheel and pinion ; and 
we have considered the cone of the pinion only m the case 
where the sides of its leaves are entirely plane, and cannot be 
impelled but beyond the plane of the axes. But to avoid the 
shocks which might occur, if the teeth should meet with any of 
the leaves before the plane of the axes, it is necessary to make 
the cone of the pinion a b'ttle larger than it has been found. 

If the cone of the pinion be enlarged in such a manner, that 
each diameter shall oe increased by a quantity e<jual to the 
thickness which the leaves will have at the place of this diameter, 
it will be sufficient to round, in the form of a demicone, all the - 
parts by which the leaves have been lengthened : by means of 
this precaution all shocks will be avoided. 

If it be required that the parts by which the leaves are 
lengthened should be curved in such a manner that the wheel 
may move the pinion with as much regularity when its teeth 
meet with the leaves before the plane of the axes, and impel 
them by their curved parts, as when they impel them by their 
plane sides, beyond the plane of the axes, it will be necessary 
to make the curvatures of the ends of these leaves in the form of 
spherical epicycloids, generated by the rolling of a right cone, 
havmg for diameter the radius of the circle which passes through 
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the origin of the curvatures of all the teeth of the wheeL This 
right cone, in roUin^, will have its axis parallel to that of the 
wheel, and its apex in the axis of the pinion. 

These epicycloids, which will have their commencement at 
the extremities of the principal diameters of the pinion, being 
traced out^ you must then form the curved surfaces of the ends 
of the leaves by means of a straight line which will pass through 
the apex of the cone of the pinion, and which must be made to 
glide along these epicycloids. 

This construction and the demonstration of it will be easily 
understood, if the pinion be considered as a crown-wheel and the 
wheel as a pinion. 

Whether the ends of the leaves be rounded into the form of 
a demi-cylinder, or be curved in the form of a spherical epicy- 
cloid, it will be necessary, in order to lodge these augmenta- 
tions of the leaves between the teeth of the wheel, to sink in 
the rim of that wheel, below the circumference of the circle 
which passes through the origin of the curvatures of all the 
teeth, tne spaces by which the teeth are separated, and to form 
the sides of these depressions according to the planes drawn 
through the axis of the wheel, and through the commencement 
of the curvatures of the teeth. 

A profile of a crown wheel with the pinion in which it acts, 
is gi^n in fig. 202. The curved parts oi the teeth of the wheel 
are separated from the straight parts of the same teeth by a 
straight line RES, which represents the circumference of the 
circle that passes through the origin of the curvatures of these 
teeth. The plane sides of the leaves of the pinion are also 
separated from the curved parts of these leaves, by the convex 
surface of the cone CABT. 



BOOK XI. 

Of the Numbee of Teetô which the Wheels of a 
Machine ought to have, that Two or more of them^ 
may perform in the same time a given number of 
Revolutions. 

571. In general, there are two kinds of machines : those 
which serve to multiply the moving power, and those the chief 
object of which is a regularity of the contemporary motion of 
certain parts. In the former, it is scarcely ever of any import- 
ance that a. wheel should perform one turn or a certain number 
of turns exactly while another performs another certain given 
number of revolutions; and the principed object ought to be, 
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that the moying power may be communicated from one part to 
another with the least loss possible. In the other machinesf, 
the preservation of the force, in its commum'cation from one 
part to another, is not the only thing to be considered ; and it 
IS often essential to them that seveiul parts should perform, in 
the same time, a certain number of revolutions. As machines 
proper for measuring time are of this kind, it will be chiefly to 
the construction of these that we shall apply the art of finding 
the number of the teeth and of the leaves which wheels and 
pinions ought to have, to cause the various parts of the machine 
to perform, in the same time, certain motions or a given number 
of revolutions. 

The methods for finding the numbers of the teeth and leaves 
which must be given to the wheels and pinions of a machine, to 
make both these ptrts perform, in the same time, a certain 
number of revolutions, being more or less simple, according as 
it is possible or not possible to give to the wheels and pinions a 
sufiScient number of teeth to produce exactly these revolutions ; 
and as these methods depend on the same principles, order 
requires that this book should be divided into three chapters. 
In the first, we shall explain the general principles on which is 
founded the art of finding the number of teeth an(î leaves that 
ought to be eiven to wheels and pinions. . In the second, an 
application of these principles will be made to finding the 
numbers of the teeth and pinions, in the case when the product 
of the wheels and that of the pinions can be decomposed into 
factors, which may be the numbers of the teeth and leaves of 
these wheels and pinions. In the third, an application will be 
made of the same principles to the same research, when the first 
products found, as those of the wheels and pinions, cannot be 
decomposed into factors sufficiently small to be the numbers of 
the teeth and leaves of these wheels and these pinions. 

Chap. I. — Of the general Prineides for finding the Ntmbers 
of the Teeth and Leaves of Wheels and Pinions. 

I. 

572. The numbers of the teeth of wheels or pinions must not 
contain fractions. There cannot^ for example, be a wheel of 
60i teeth, because half a tooth would really be a tooth smaller 
than the rest ; but it would have no other property than that 
of rendering the division of the wheel unequal, and of causing 
shocks in the machine. 

n. 

573. If any given number be decomposed into the factors 
which compose iC and if all these factors be then multiplied by 



OK THE TEETH OF WHEELS. 53 

each other, in any order whatever, the product resultmg from 
all these multiplications will be equal to the number given. 

For example, if 17280 be decomposed into all^its factors, 
which are 2, 2, 2, 2, 2, 2, 2, 3, 3, 3, 5, and if all these factors be 
afterwards multiplied one by the other, giving them any arrange- 
ment whatever, the product will always be the number 17280, 
which was decomposed. 

Hence, when there are a great number of factors, such for 
example as 2, 2, 2, 2, 2, 2, 2, 3, 3, 8, 5, to be multiplied one by 
the other, in order to form of them one product, they may be 
divided into any number of bands at pleasure ; (2, 2, 2, 2, 3) 
(2, 2, 2, 3, 3) (5), and having multiplied oy each other the factor 
pf each band, to reduce them to the compound factors 48, 72, 5, 
these new factors may be multiplied by each other, and the 
product will be the number 17280, from which all the given 
factors were drawn. 

Theorem. 

574. Whether the wheel move the pinion or the pinion the 
wheel (fig. 205), the number of the turns of the wheel multiplied 
by the number of its teeth, is equal to the number of turns which 
the pinion makes, in the same time, multiplied by the number 
of its leaves ; so that the numbers of the contemporary turns of 
the wheel and pinion are reciprocally proportional to the numbers 
of their teeth. 

Denumdratwn,. 

L&i the numbers of the teeth of the wheel A and of the 

Einion F be represented by the large letters A,.F ; and the num- 
ers of their contemporary revolutions by the small letters a, /. 

It is to be demonstrated, that we shall have a x A =/ x F, 
and consequently a : / : : F : A. 

1st. The number of the teeth of the wheel being represented 
by A, at each turn made by the wheel, a certain number of teeth, 
represented by A, will be engaged in the pinion. While the 
wheel, therefore, makes a certain number of turns, represented 
by a, it will be engaged in the pinion with a certain number of 
teeth, represented by a x* A. 

2nd. Since F represents the number of the leaves of the 
pinion : at each turn made by the pinion it will be engaged in 
the wheel with a certain number of teeth represented by F. 
While the pinion, therefore, performs the number of revolutions 
expressed by /, it will be engaged in the wheel with a number 
of leaves represented by/ x F. 

But while the wheel and the pinion perform their contem- 
porary revolutions, as many teeth of the wheel will be engaged 
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in the pinion, as there will be leaves of the pinion engaged in 
the wheel ; therefore we shall have a x A = / x F ; and con- 
sidering the two members of this equation as the products 
of the extremes and means of a proportion, we shall have 
a:/::F:A, q.e.d. 

Corollary L 

375. Sincea x A =/ x F (fig. 205), or a : / : : P : A, we 

f X. F A X A 

shall have a ==^— r^ — and / = — = — ; that is to say, the 

number of the revolutions of the wheel will be e<jual to the 
product of the number of the contemporary revolutions, and of 
the number of the leaves of the pinion, divided by the number 
of the teeth of the wheel ; and the number of the revolutions of 
the pinion will be equal to the product of the number of the 
contemporary revolutions, and of the number of the teeth of 
the wheel, divided by the number of the leaves of the pinion. * 
Hence when the wheel makes only one revolution, that is 
to say, when we have a = 1, the number of the revolutions of 
the pinion will be equal to the number of the teeth of the 
wheel, divided by the number of the leaves of the pinion : for 

we shall then have/ =■= • 

And, when the pinion makes only one revolution, that is to 
say, when / = 1, tne number of the revolutions of the wheel 
wUl be equal to the number of the leaves of the pinion, divided 
by the number of the teeth of the wheel; because we^ shall 

then find a = — • 

Corollary IL 

576. When the wheel A moves the pinion P; when a 
second wheel B fixed to that pinion (fig. 206) moves a second 
pinion G ; when a third wheel C, fixed to this second pinion, 
acts in a third pin on H ; and when a fourth wheel D, attached 
to the third pimon, moves a fourth pinion I, &c. ; if the numbers 
of the teeth and leaves of these wheels and pinions be repre- 
sented by the large letters A, B, C, D, F, G, M, I, &c. ; and if 
the numbers of the contemporary turns made bv the wheel A, 
and the pinions F, G, H, I, &c. be denoted by the small letters 
^>/> fff K h &<5«> we shall find (574) 

Ist. a:/::F:A 

2nd. The contemporary revolutions of the 
pinion F, or the wheel B, and of the 
pinion G, being represented hjf,ff, we 
shall have /:^::G:B 
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3rd. The contemporary turns of the 
pinion G, or of the wheel C and of 
the pinion H, being denoted by g^ h, 

we shall have ^:A::H:0 

4th. The contemporary turns of the 
pinion H, or of the wheel D, and of 
the pinion I, being expressed by h, % 

we shall have A : î : : I : D 

Therefore, by multiplving all these proportions in order, 
we shall have a:i::FxGrxHxI:AxBxCxD; 
from which we deduce axAxBxCxD=fxFxGxH 

_ _. axAxBxCxD., ... ., , 

X I, and % = — t; — -^ ^ — Ï — : that is to say, the number 

FxGxHxI 
of the revolutions of the first wheel A, multiplied bv the pro- 
duct of the numbers of the teeth of all the wheels, will be 
equal to the number of the revolutions of the last pinion I, 
multiplied by the product of the numbers of all the pinions ; 
and the number of the revolutions of the last pinion will be 
equal to the number of the revolutions of the first wheel, mul- 
tiplied by the product of the numbers of the teeth of all the 
wheels, and divided by the product of the number of the leaves 
of all the pinions. 

It thence follows, that if a == 1, that is to say, if the first 
wheel A makes only one turn, we shall have AxBxCxD = 

î X F X G X H X I; and t = :^ ^ ^ ^ ^ ^ ^ . That is to 

SI X tr X ji X i 

say, the product of all the wheels wiU be equal to the number 

of the revolutions made by the last pinion, during a revolution 

of the &st wheel, multiplied by the product of aU the pinions ; 

and the number of the revolutions of the last pinion, during* a 

revolution of the first wheel, will be equal to the product of all 

the wheels, divided by the product of all the pinions. 

If we vdshed to consider only the three wheels successively 

A, B, C (fig. 207), and the three pinions F, G, H, which act in 

them; or if the machinery were composed only of the three 

wheels A, B, C, and the three pinions F, G, H, we should have 

only these three prop€»iJons : 



«■■/ 



;F:A 

;G:B 

H:0, 



which being multiplied, in order, would give 

a:A::FxGxH:AxBxC, 
whence we should deduce axAxBxC = AxFxGxH; 

and h -.«xAxBxC . and if the wheel A made only oae 
F xG xH 
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revolution, we should find AxBxO = AxFxGxH; and 

A X B X C 

h = — — ; that is to say, the product of all the wheels 

F X G X H ^* ^ 

of that machine would still be equal to the product of all its 
pinions, multiplied hj the number of the revolutions made by 
the last of these pimons, during a revolution of the first wheel 
A; and the numoer of the revolutions which the last pinion 
would make, during a revolution of the wheel A, would be equ{il 
to the product of cJl the wheels, divided by the product of all 
the pinions. 

Were we to consider onlv the two first wheels A B (fig. 208), 
and the two first pinions F, Gr ; or if the machine were com- 
posed only of two wheels A, B, and two pinions F, G, we should 
nave only these two proportions : 

a:/::F: A 

which being multiplied, in order, would rive 
a :^ :: F X Gr : A x B; 
whence we should deduce axAxB=^xFxG; and g = 

-— — ; and if the wheel A made only one turn, that is to 

FxG ^ 

say, if a = 1, we should have AxB=^xFxG, and ff = 

A y B 

— - — . In this machine, therefore, as in all the others, the 

FxG 

product of the wheels will be equal to the product of the pinionsj 
multiplied by the number of revolutions which the last pinion 
makes, during a revolution of the first wheel ; and the number 
of the revolutions which the last pinion makes, during a revolu- 
tion of the first wheel, will be e^ual to the product of the wheels 
divided by the product of the pinions. 

In general, then, whether the machine contains a wheel A 
and a pinion F (fig. 205), or two wheels A, B, and two pinions 
(fig. 208), or three wheels and three pinions (fig. 207), or any 
greater number of wheels, and a like number of pinions (fig. 
206), if we call the product of all the wheels W, and the pro- 
duct of all the pinions P, and if p represent the number of the 
revolutions made by the last pinion during one revolution of the 

first wheel A, we shall have W = |? x P and jp = ^p- . 

Corollary HI. 

577. As the number of the teeth of each wheel ought to be 
without a fraction (572), the product W of all the wheels must 
be a whole number ; and the product i> X P, which must be 
equal to W, wiU also be a whole number. Hence, when p. 
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' which represents the number of the revolutions made by the 
last pinion, during a revolution of the wheel A, contains any 
fraction which cannot become a whole number, imless when 
multiplied by a number equal to its denominator, or a multiple 
of that denominator, the product of the pinions P, which is 
always a whole number, must be equal to the denominator of 
that fraction, or a multiple of that denominator. 

Corollary IV. 

578. Considering the equation W=|? x P, it will be readily 
perceived, 

Theft if the number assumed as the value of P, which re- 
presents the product of the pinions, is not too great to be the 
number of the leaves of one pinion ; and if after multiplying 
that number by the number of revolutions which the last pimon 
ought to make, the product is not too large to be the numoer of 
the teeth of a wheel, the machine might be composed of one 
wheel A (fig. 205) and one pinion F, if nothing else prevent it. 
But if the number taken for P, that is to say, for the product 
of the pinions, is too great to be the number of the leaves of one 
pinion ; or, if after this number has been multiplied by the 
number of the revolutions which the last pinion ought to make 
during one revolution of the wheel A, the product is too great 
to be the number of the teeth of one wheel ; that product must 
be decomposed into as many factors as may be necessary, in 
order that none of these factors may be greater than the number 
of the teeth that can be given to a wheel ; and these factors 
must be taken as the numbers of the teeth of so many wheels. 
The number represented by P must then be divided into as 
many factors as there are wheels assumed, in order to make it 
the numbers of the leaves of so many pinions. 

But if the number necessary to be taken for P, or for the 
product of the pinions, be a simple number, that is to say, if it 
cannot be decomposed into several integral factors less than 
itself ; and if this number be too large in regard to the size 
of the parts of the machine, to be the number of the leaves 
of one pinion ; or if after decomposing this number into several 
factors there are some indecomposable and too great to be the 
number of the leaves of a pinion, the last pinion, during a revo- 
lution of the first wheel, cannot make the number of revolutions 
required ; it will, therefore, be necessary to have recourse to an 
approximation, neglecting the least part possible of the number 
of revolutions required. 

Even when the number which represents the product P of 
the pinions can be decomposed into as many factors, as small as 
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possible ; if when this number has been multiplied by p^ or that 
of the revolutions which the last pinion ought to make during 
one revolution of the wheel A, the product be a simple number, 
and too great to be the number of the teeth of a wheel ; or 
if after this product has been decomposed into several simple 
factors, there be anjr of them too great to be the number of the 
teeth of a wheel, it will be still necessary to cause the last 
pinion to make a number of revolutions greater or less by a 
small quantity than that represented by the letter p. 

According as the numbers found for the product of the 
pinions, and for that of the wheels, can or cannot be decomposed 
into factors, which do not exceed the numbers of the leaves 
and teeth which can or cannot be given to the pinions ^md the 
wheels of the machine to be constructed, the problem for finding 
the numbers of the leaves and teeth of these pinions and wheels, 
requires operations more or less simple, whicn will be explained 
in the two following chapters. 



Chap. II. — Calculation of the Number of the Teeth and Leaves of 
Wheds and Pinions^ in the Case when the Produd of the 
Wheels and that of the Pinions ca/n he decomposed into Factors, 
which do not eœœed the Nvmbers of the Teeth and Leaves that 
can le given to these Wheds and Pinions. 

As the method for finding the numbers of the teeth and 
leaves of the wheels and pimons is chiefly useful in the con- 
struction of clocks, and as examples will be su£Bicient to give an 
idea of it, this chapter will contain only two problems, the 
object of which will oe clocks. 

Problem. 

579. To find the number of the teeth and leaves which must 
be given to the wheels and pinions of cT clock, in order that 
it may indicate hours, minutes, and seconds, and having a 
balance which ought to beat seconds. 

• 

Sdution. 

A clock which indicates hours, minutes, and seconds (fig. 209), 
has three indices, K, L, M. The first of these indices, K, gene- 
rally makes a revolution in twelve hours, and points out the 
hours on a dial plate, divided into twelve equal parts. The 
second, L, performs a revolution in one hour, or sixty minutes, 
and marks the minutes on a plate, divided into sixty equal parts ; 
and the third, M, performs its revolution in one minute, or sixty 
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seconds, and marks the seconds on a plate divided also into 
sixty eg^ual parts. 

As it is in some measure necessary that the three wheels A, 
C, E, -the axles of which bear the indices of the hours, minutes, 
and seconds, should turn the same way, they must not be placed 
in succession ; but one wheel B must be placed between the 
wheels A and C, which bear the indices of the hours and 
minutes; and another wheel D, must be placed between the 
wheels C and E, which bear the indices of the minutes and 
seconds. The whole, therefore, of the wheel-work necessary to 
make a clock indicate hours, minutes, and seconds, consists of 
five wheels. A, B, C, D, E, which communicate motion to each 
other by means of four pinions, F, G, H, I. 

1st. As the pendulum of the clock ought to beat seconds, 
that is to say, make sixty vibrations in a minute, and as each 
tooth of the wheel E will cause it to make two vibrations, it is 
evident that by giving thirty teeth to that wheel, it will perform 
its revolution in a minute ; that is to say, while the pendulum 
makes sixty vibrations. Here then we have determined the 
number of the teeth of the wheel E. 

2nd. To find the numbers of the teeth and of the leaves of 
the two wheels, C, D, and of the two pinions H, I, in which 
they act, it is first to be remarked, that as the pinion I of the 
wheel, which bears the index of the seconds, must perform a 
revolution in a minute, it will make sixty revolutions while the 
wheel which bears the index of the minutes performs only 
one. 

But if the letters C, D, H, I represent the numbers of the 
teeth and leaves of the two wheels and two pinions, denoted by 
the same letters, we shall find (576) 60xE[xI = CxD. 
Hence, by taking for H and I any number of leaves at pleasure, 
we shall have the value of the product C x D of the numbers of 
the teeth which the two wheels C and D ought to have. 

If six leaves be given to each of the two pinions H, I, the 
equation 60 X H xI = C x D will become 60x6x6 = CxD. 
We must, therefore, divide 60 x 6 x 6 into two factors, which 
may be the numbers of the teeth of the two wheels C, D. 
To choose these two factors with most convenience, we shall 
decompose the number 60 x 6 x 6 into all the factors 2, 2, 3, 5, 
2, 3, 2, 3, of which it is composed. We shall then divide all 
these factors into two bands, at pleasure, such for example as the 
following : (2, 2, 2, 2, 3), (5, 3, 3), and the two numbers 48 and 
45, found by multiplying the factors of each band together, will 
be the numbers of the teeth of the two wheels and D. 

The same factors 2, 2, 3, 5, 2, 3, 2, 3, might have been 
divided into two other bauds (2, 2, 3, 5), (2, 3, 2, 3), and the 

F 
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nnmbera 60 and 36 resnltmg from the multiplicatioii of the 
ùidbom of each band mi^t baye been taken as the nnmbeis of 
the teeth of the same wheels C and D. Bnt as it is proper 
that there should be as little inequality as possible between the 
wheels C and D, though this is not necessary, the two fcmner 
nnmbers 48 and 45 are preferable to the latter 60 and 36. 

3rd. To determine the nnmbers of the te^ and leaves of 
the two wheels A and B, and of the two pinions F and G, in 
which they act» it is to be remarked, that as the i>inion G, wluch 
bears the mdez of the minntes, makes a reyolntion in an hour, 
it will perform twelve revolutions while the wheel A, which 
beais the index of the hours, performs only one. Hence, if the 
letters A, B, F, G represent the nnmbeis of the teeth and leaves 
of the two wheels and the two pinions indicated by the same 
letteis, we shall have (576) 12 x F x G = A x B; whence it 
follows, that by taking for F and G any nnmbers at pleasure, 
we shall have the value of the product of the two wheels A 
and B. 

If eight leaves be given to the pinion F, and sixteen to the 
pinion G, which ou^ht to be larger than the rest, because its 
arbor is a hollow cylinder fitted on the axle of the wheel C, and 
which bears the index of the minutes, the equation 12 x F x G 
= A X B, will become 12 x 8 x 16 = A x B. Hence it will be 
necessary to divide the number 12 x 8 x 16 into two fsustors, to 
have the numbers of the t^eth of the two wheels A and B. 

To choose more easily these two factors, first decompose 
the number 12 x 8 x 16 into all its factors, which will make 
2, 2, 3, 2, 2, 2, 2, 2, 2, 2, then anange all these fistctors into any 
two bands at pleasure, such, for example, as the following: 
(2, 2, 2, 2, 3). (2, 2, 2, 2, 2), and the two numbers 48 and 32, 
tbund by multiplying together the factors of each band, will be 
the numbers of the teeth of the two wheels A and B. 

The numbers of the teeth of the five wheels A, B, C, D, E, 
may therefore be 48, 32, 48, 45, 30, taking 8, 16, 6, 6 as the 
numbers of the leaves of the four pinions F, G, H, I. 

It is proper to remark, that the moving power is never 
applied to the wheel A of the hours, nor to tiiat B, which acts 
in the pinion G, the hollow cylinder of which bears the index 
of the minutes, but is applied to the wheel C, when it is required 
that the clock should go only thirty or thirty-six hours, or to 
any other wheel B (figs. 210, 211) added to cause the clock to 
go eight or ten days without winding up ; and that this new 
wheel B, which may have an^ number of teeth at pleasure, acts 
in the pinion borne by the axis of the minute wheel C. 
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Problem. 

580. To find the numbers of the teeth and leaves of the 
wheels and pinions for a watch, which is to indicate the hours 
and minutes, and whose bcdance ought to perform 17280 vibra- 
tions in an hour. 

Solution. 

Without paying attention to the arrangement given to the 
wheels of a watch, let A (figs. 210, 211^ hd the wheel which 
bears the hour-hand, and which performs its revolution in twelve 
hours; C, that which carries tne minute-hand, and makes its 
revolution in one hour ; and F, the escapement wheel, which acts 
in the pallets of the balance, and which in general has an odd 
number of teeth. 

During one revolution of the wheel T, ^ch tooth of that 
wheel will cause the balance to make two vibratiods ; therefore, 
if F represent the number of the teeth of that wheel, 2 F will 
be the number of the vibrations which the balance will make 
on each revolution of the wheel F. 

If C, D, E, I, K, L represent the numbers of the teeth and 
the leave» of the wheels and the pinions, denoted by the same 
letters, the number of the revolutions made by the pinion L, or 
the wheel F, during a revolution of the wheel C, will be ex- 
pressed (576) by C_xD_xE Therefore, if this number of 
I X K X L 

the revolutions —^ — of the wheel F be multiplied by 

I X K X L 
the number of vibrations 2 F, which the balance will make 

during a revolution of that wheel, the product — ^ 

I X L X L 

will be the number of the vibrations which the balance will 

make during a revolution of the wheel C. 

But by a condition of the problem, the balance ought to 

make 17280 vibrations per hour, or during a revolution of the 

wheel a Therefore, CxDxE X 2F^^^280, or C x D X E 

IxKxL 
X 2F == 17280 X I X K X L, or in the last place C x D x E x 

p_ 17280 j^ I j^ K X L ; that is to say, the product of tlie 

wheels C, D, E, F will be equal to the product of the pinions 
I, K, L, multiplied by half me number of the vibrations which 
the balance makes during a revolution of the wheel C. There- 
fore, by giving to the pinions I, K, L, any numbers of leaves at 

F 2 
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pleasure, we shall have the value of the product C x D X E x F 
of the wheels. 

Let us suppose that six leaves are given as is usual to each 

17980 
of the pinions I, K, L ; the equation C x D x E x F=^^^^^ 

2i 

X I X K X L, wiU become C x D x E x F=^-I?^x 6x6x6, 

or C X D X E X F=:8640 x 6 x 6 x 6. Therefore to find the 
numbers of the teeth of the four wheels, C, D, E, F, we must 
decompose the number 8640 x 6 x 6 x 6 into four factors. 

To find more conveniently the four factors or four num- 
bers of the teeth, best suited to the four wheels, C, D, E, F, 
decompose the number 8640 x 6 x 6 x 6 into all its factors, 
2, 2, 2, 2, 2, 2, 3, 3, 3, 5, 2, 3, % 3, 2, 3 ; and having chosen some 
of them, the product of which may be the number of the teeth of 
the escapement wheel F, divide the rest into three bands, the 
products of which will be the numbers of the teeth that can be 
given to the three wheels C, D, E. But before the factors of 
the escapement wheel F be chosen, it is necessary to make the 
following remarks : — 

1st. The teeth of that wheel must be larger or farther 
distant from each other than those of the other wheels; it 
ought, therefore, to have fewer teeth than the rest : in watches, 
it nas never fewer than thirteen teeth, and never more than 
seventeen, unless it be very large. 

2nd. When the teeth of the escapement wheel strike alter- 
nately the two pallets of a common balance, the number of 
them ought to be odd ; for the verge of the balance must pass 
through opposite to the middle of that wheel, in order that its 
teeth may make alternately equal impressions on the two 
pallets, eut the verge of the balance being thus disposed, 
if the number of the teeth of the escapement wheel were even, 
two opposite teeth of that wheel would meet at the same time, 
and in the same manner the two pallets, and the balance being 
impelled at the same time by two equal and opposite forces, 
would stop. On the other hand, if the number of the teeth 
of the escapement wheel were odd, all its teeth would be dia- 
metrically opposite to its spaces. While one pallet, therefore, 
would be met with and impelled by one tooth, the other pallet 
would be free in the space opposite to that tooth ; so that the 
teeth of the escapement wheel would never touch both pallets 
at the same time, but would fall upon them alternately, to give 
the balance vibrations alternately contrary. 

As none of the factors into which we have decomposed the 
product of the four wheels 0, D, E, F, can produce either thirteen 
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or seventeen, which are the limits of the number of teeth that 
can be given to the escanement wheel of a watch ; and &s ûie 
number sixteen, composed of the factors 2, 2, 2, 2, is not proper 
for that wheel, because it is even ; we shall be obliged to take 
fifteen, or the product of the two factors 3 and 5, as uie number 
of the teeth of the wheel F : we shall then distribute the rest 
of the factors into three bands, such for example as the following 
(2, 3, 3, 3) (2, 2, 2, 2, 3) (2, 2, 2, 2, 3) the pi-oducts of which 
will be 54, 48, 48, and we shall have 54, 48, 48, and 15 as the 
numbers of the teetii of the four wheels C, D, E, F. 

As the wheel A, which bears the index of the hours, ought 
to make only one revolution in twelve hours, that is to say, 
while the wheel of the minutes C performs twelve revolutions ; 
if A, B, G, H be made to represent the numbers of the teeth 
and leaves of the pinions, denoted by the same letters, we shall 
have, as in the preceding problem, 12xGrxH = AxB; 
therefore, by taking for the pinions G and H any numbers at 
pleasure, we shall have the value of the product of the wheels 
A and ^. 

If ten leaves be given to the pinion G, and twelve to the 
pinion H, which must form one piece with the hollow cylinder, 
that bears the index of the minutes, the equation 12 x G x H 
= A X B will become 12 x 10 x 12 = A x B ; therefore by 
taking all the factors 2, 2, 3, 2, 5, 2, 2, 3, of the number 12 x 
10 X 12„ and dividing them into any two bands, such as (2, 2, 
2, 5), (2, 2, 3, 3), the two products 40 aiid 36, foimd by midti- 
pljdng together the factors of each band, will be the numbers 
of the teeth of the wheels A and B, and the problem will be 
completely solved. 

To cause watches to go thirty hours, there is added a seventh 
wheel R, of forty-eight teeth, made to act in a pinion of twelve 
leaves, which generally forms oûe piece with the minute wheel ; 
and there is placed on the arbor of that wheel R, a conical fusee 
cut into a spiral form, in the groove of which a chain makes 7^ 
turns. One end 'of the chain is aflSxed to the bottom of the 
fusee, and the other end to a barrel, inclosing a spring, and this 
spring causes the barrel to make a suflScient number of turns to 
be charged with a quantity of the chain, equal to that which is 
in the grooves of the fusee. It is to be remarked that the 
barrel is made as large as possible, in regard to the size of the 
case of the watch, that the spring may have more freedom to 
act) and be better able to cause the barrel to make the number 
of turns necessary for it to take up the chain. 

It is to be remarked, that the arrangement given to the 
wheels, fig. 210, in regard to this problem, must be considered 
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only as a disposition which shows more distinctlv the pieces, the 
nambers of the teeth of which are to be found; and that this 
arrangement is not suited to a watch, the wheels of which bearing 
the index of the minutes and that of the hours, ought to be 
concentric, and in which the escapement wheel has its axis 
parallel to the plane of the other wheels. But the disposition 
of the same wheels is better shown, in fig. 211. 

Chap. III. — To find the Numbers of the Teeth and Leaves qf 
Wheels and Pinions, in the Case when the Product of the Wheels 
and that of the Pinions cannot he decomposed into Factors, which 
do not exceed the Numbers of the Teeth and Leaves that can be 
given to these Wheels and Pinions. 

In machines of the same kind as those alluded to in the 
preceding chapter, one may give to the pinions any number of 
leaves at pleasure, and if one were obliged to employ wheels 
already made, or which serve for some particular revolutions, 
and to find some pinions, it may be readily seen that^t might 
easily be accomplished by the methods and formulœ already 
given. But in the wheel work, which forms the subject of this 
chapter, the artist is not allowed to give to any pinion whatever 
number of teeth he chooses. It is, therefore, necessary to search, 
not only for the numbers of the teeth of the wheels, but for 
those also of the leaves of the pinions. As a few examples will 
be sufficient to illustrate the method which ought to be followed 
for this purpose, we shall give only two in the form of problems, 
the object of which will be the annual motion of the sun or 
of the earth, and the synodical revolution of the moon intended 
to be indicated by a clock. 

Prdbl&in. 

581. To find the number of the teeth and leaves of the 
wheels and pinions of a machine, which being moved by a pinion, 
placed on the hour wheel, shall cause a wheel to make a revolu- 
tion in a mean year, supposed to consist of 365 days, 5 hours, 
49 minutes. 

Solution, 

Let A (fig. 212) be the wheel which ought to perform a 
revolution in 365 days, 5 hours, 49 minutes ; H, the pinion, to 
be placed on the hour wheel ; and which like that wheel will 
make a revolution in 12 hours ; and B, C, F, G, two other 
wheels and two other pinions, by means of which the motion of 
the pinion H wiU be communicated to the wheel A. 
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As the pinion H makes a révolution in 12 hoyis, or two 
revolutions in a day, it will make 730 revolutions in 365 days, 

and — or — - of a revolution in five hours ; and as a minute is 
±Z 720 

equal to — of an hour, or — - of 12 hours, the same pinion will 

49 
perform — ■ of a revolution in 49 minutes. This pinion, ihere- 

349 
fore will make 730 ;— : revolutions in 365 days, 5 hours, 49 

minutes ; Hiat is to say, during the time that the wheel A ought 
to perform its revolution. 

But the product of ; the wheels A, B, G is equal (576) to the 
product of the pinions F, G, H, multiplied by the number of 
the revolutions made by the pinion H during a revolution of the 
wheel A. .We shall, tiierefore, have this equation A x B x 

H4Q 
= 730— xFxGxH. 

As the numbers of the teeth of the wheels ought not to 

349 
contain fractions, the value 730 -— - x F x G x H of their 

720 

product must be a whole number. Therefore, if the number 

349 
730 — - be multiplied by the product F x G x H of the pinions, 

the fraction which has 720 for denominator, must become a whole 

number ; consequently this product of the pinions F x G x H 

must be equal to 720, or be a multiple of 720. 

If the product F x G x H of the pinions were made equal 

to the number 720, which might be decomposed into these 

three factors, 8, 9, 10, which might be taken as the numbers of 

the leaves of these pinions, the equation A x B x C = 730 

349 

=Tr X F X G X H would become A x B x C = 525949. But 

i ^u 

as the number 525949, found as the product of the nimibers of 

the teeth of the three wheels A, B, C, cannot be decomposed 

into three factors, which might be the numbers of the teeth of 

these wheels, it must be concluded that it is not possible to cause 

the wheel A to make a revolution in 365 days, 5 hours, 49 minutes. 

If a number a multiple of 720 were taken as the product of 

the pinions, nothing would be gained ; as we should find, for the 

procmct of the wheels A, B, 0, a number a multiple of 525949, 

and this multiple could not be decomposed better than 525949. 

349 
As the nrfmber 730 .—- multiplied by any other product of 
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pinions than 720, or than a multiple of 720, would not give 

a product without fractions for that of the wheels ; and as the 

fractions must be neglected in the product of the wheels A,B, C, 

it is necessary to find for the product of F x Gr x H of the 

349 
pinions a whole number, which being multiplied by 730 = — 

may give a product as near as possible to a whole number. In 
general, this is done by repeated trials; but as this method 
is defective, we shall here propose another, by which the problem 
may be solved with more certainty. 

When in searching for the value of the product A x B x C 
of the wheels, or to approach as near to it as possible, you have 

349 
multiplied 730 — by the product F x G x H of the pinions 

which will be a whole number ; the product found will be composed 

of these two parts 730 x F x G X H and ^^ ^.^on^^^ * 

But the first part 730 x F x G X H of this product wiQ be 
a whole number, since its two factors 730 and F x G x H are 
whole numbers. We must therefore TOoceed in such a manner 

*v, * *u A ^ 349 X F X G X H , 

that the second part zttt may approach as near 

t4U\J 

as possible to a whole number. 

T ^ .u * .1. 4. +• 349 X F X G X H . 

in order that the fraction — may approach 

as near as possible to a whole number, it is necessary that its 
numerator, which is a whole number, should be too large or too 
small, only by unity, to be divided by its denominator 720. But 
if we suppose that this numerator is too great, by unity, and if 

1 •* u ^1, * V I. 11 u 349 X F X G X H - 1 
we lessen it by that umty, we shall have =3^r > 

equal to a whole number. If this whole number then be 

^ , , ÇJ , „ , 349xFxGxH-l _. 
represented by S, we shall have =— = S. 

If each member of this equation be multiplied by 720, we 
shall have 349 x F x G x H - 1 = 720 S. Adding 1 then 
to each member of the last equation, and dividing each of its 
new members by 349, it will be reduced to the following 
^ ^ ^ 720S + 1 
FxGxH=-3^^. . 

As the product F x G x H of the pinions which forms the 
first member of the last equation is a whole number, the second 

member -^ — of the same equation will be also a whole 
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720 Q I 1 
number. But this whole number — is composed of two 

_ 698 S 22 S + 1 , , ^ 

o4y o49 

whole number, because it is equal to 2 S ; the second part there- 

22 Q I 1 
fore — — - — is also a whole number, which we shall suppose 

to be represented by T, in order to have a new equation 
22S + 1 ^T 

349 

K the two members of this equation be multiplied by 
349, then lessened by 1 and divided by 22, we shall have 
S = 349 T - 1 
^' 22 

But the letter S, which forms the first member of this 

equation, was assumed to represent a whole number : therefore, 

349 T — 1 

the second member — will also be a whole number. 

22 

349 T — 1 
But this whole number — — - is composed of these , two 

_, 330 T 19 T - 1 , , . , . , . 

parts , — — — > the former of which is a whole number, 

since it is equal to 15 T, and T represents a whole number : 

19 T — 1 
therefore, the second part, — rr-^ — > is also a whole number 

which we shall represent by V, in order to have a new equation 

If the two members of this last equation be first multiplied 

by 22, then increased by unity and divided by 19, we shall have 

T = 22V + 1 22V-fl 
— : and as T represents a whole number, — — 

J.t7 Xft^ 

will be a whole number also. 

22 V + 1 
But the whole number — is composed of two parts 

19 Y 3y+l , ,, . , ^ 19 ^ 1^- 1 . ^7 • 

"To"' — ÏQ — > *^^ "^® "^®* P^ ""ïô" "^"^g equal to V, is a 
19 19 19 

whole number; the second part — — — will be also a whole 

number, which we shall represent by X, to have another equation 

19 -^- 
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The two members of this eauation being multiplied by 
19, then lessened by unity and divided by 3, we shall have 

V = ; and as V represents a whole number, 

3 o 

will represent a whole number also. 

19 X — 1 
But the whole number — : — r is composed of these two 

18 X X — 1 
parts — ^— and — - — ; the former of which is a whole number ; 
3 3 

X — 1 

the second, therefore, — - — vnll also be a whole number, or 

o 

equal to zero. 

X -1 

K — T — be made equal to zero, we shall have X = 1 ; and 

Ô 

the product F x G X H of the pinions may be found by simple 

substitutions. 

19 X 1 
For putting 1 for X in the equation V = — - — , we shall 

find V = 6 ; 

• 22V + 1 
Then putting 6 for V in the equation T = — -^ > we 

shall have T =7: 

349 T — 1 
Putting 7 for T in the equation S= — ~ — we shall have 

S=lll. 

In the last place, putting 111 for 8 in the equation F x G x 
720 S I 1 
H = — Q. > the product of the pinions F x G x H will be 

found = 229. 

As the number 229 found for the value of the product F x 
G X H of the pinions is a simple number, whicn cannot be 
decomposed into several factors, and as it exceeds the number of 
the leaves that can be given to a pinion, it will be necessary to 
seek for another more convenient 
X — 1 
If instead of making — - — = zero, it had been made suc- 
o 

cessively equal to 1, to 2, to 3, &c., we should have found as the 
product F X G X H of the pinions, other numbers 949, 1669, 
2389, &c., formed by the continual addition of 720 to 229 ; but as 
these new products are simple numbers, or composed of factors 
too great to be the numbers of the leaves of pinions, or give 
as the product of the wheels, numbers composed of fectors too 
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great, they cannot be employed. In a word, this article is not 
demonstrated, because there are no rules to enable us to deter- 
mine whether a number resulting from these compositions will 
be simple, or composed of several factors of a certam quantity. 

As the number 229 cannot be the product of several pinions 
F, Gr, H, we will search for another, which being multiplied by 
349 shall give a product too great by 2 or 3 to be divisible 

k TOA *i * • ^ -n , 349 X F X G X H - 2 
by 720 ; tliat is to say, we will make 



or 



349 X F X G X H -3 

720 



720 
, equal to a whole number, represented 



by S, repeating the operations above explained in the case 

k •. • . .^ . 349 X F X G X H - 1 . -,, 
where it was required that =tt should be a 

whole number; and we shall have the following equations, 
which will differ from the first only in this, that they will contain 
+ 2 and — 2, or + 3 and - 3, instead of + 1 and — 1, which 
were in the first. 



FxGxH= 



720 S + 2 \ 



S = 



349 
349T-2 



V = 
X = 



22 

22V + 2 



/ 



P xGxH = 



S = 



19 
19X-2 



3 

2 



or 



T = 



720S + 3 

349 
349T-3 

22 
22V + 3 



\ 



V = 

x = 



19 
19X-3 



3 
3 



But if to find the value of the product F x G x H of the 
piuions we substitute in these two new series of equations, 2 or 
3 in the place of X, in the yalue of V, then the yalue of V in 
the room of T, and that of T in the room of S, and the yalue of 
S in that of the product P x Gr X H of the pinions, we shall 
find for that product 458, which is the double of 229, or 687, 
which is triple of 229 ; and as we>rejected 229, because it is 
indecomposable, .and too great to be the number of the leayes of 
the pinion, we must reject also the two numbers 458 and 687, 
which both have the same number 229 as one of their factors. 

But if we endeaTour to find for the product P x G- x H of the 

pinions, a number which being multiplied by 349, shall give a 

product too great, by 4 units, to be divisible by 720 ; that is to 

.. ., , • ^ A * 349xPxGxH-4 , , , , 
say, if it be required that ^=x;^ should be a 
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whole number, we shall have the following equations, which 
diflTer from the former only in this, that they will contain + 4 
or - 4, whereas the first contained -f- 1 or - 1. 
J? n u 7208 + 4 

^ 349T-4 

^= 22— 

^^ 22Y + 4 . ' 



V = 



19 
19X-4 



3 

19X — 4 

And as the value of the whole number V is com- 

o 

18 X — 3 X — 1 
posed of these two parts -^ — — 5 — ; and as the first 

o O 

18 X — 3 

» of these two parts is a whole number, the second 

3 

X — 1 
part — r — will be a whole number also, or equal to zero. 

u 

X — 1 

But if we make — - — = zero, we shall have X = 1. 

19 X — 4 

If 1 be substituted for X in , the value of V, we 

o 

shall have V = 5. 

I 
T = 

I 

8 = 95. 

720 S — 4 

And, in the last place, putting 95 for S in —r — , the 

i54y 

value of F X G X H, we shall have F x G X H = 196. 

But the number 196, found as the value of the product 
F X G X H of the pinions, is decomposable into these three 
factors 4, 7, 7; which may be the numbers of the leaves of 
those three pinions ; these pinions therefore are determined. 

To determine the numbers of the teeth of the three wheels 

349 
A, B, C, we shall resume the equation A x B x C = 730 •=— 

X F X G X H, which was found in the commencement of the 



22 V + 4 
Putting 5 for V in — , the value of T, we shall have 

349 T — 4 
Putting 6 for T in — , the value of S, we shall have 
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solution ; and putting 196 for the product F x Gr X H, we shall 

4 
have A X B X = 143175 =T-r ; and neglecting the fraction 

4 
-— , which we proposed to reject, we shall have for the product 

of the wheels A, B, C, the number 143175, which can be easily 
decomposed into Âese three factors 25, 69, 83 ; which may be 
the numbers of the teetL of the three wheels A, B, 0. 

Therefore, to cause a wheel A to make a revolution in 365 
days, 5 hours, 49 minutes, nearly, by means of wheel-work 
moved by the pinion H, placed on the wheel of 12 hours in a 
clock, we may employ three wheels A, B, C ; the numbers of 
the teeth of which will be 25, 69, 83, and three pinions F, G, H, 
the numbers of the leaves of which will be 4, 7, 7. 

4 

1st. It is to be remarked that the fraction -— -, which has 

720 

been neglected in the product of the wheels, will not occasion 

in the required revolution an error of 1" 14"' ; and that 2940 

years would be necessary before that error, by multiplying, 

could amount to an hour ; which would not be sensible in a 

movement so slow as that of the wheel A. For it is evident, 

that if we search for the number of revolutions which will be 

made by the pinion H, during a revolution of the wheel A, 

dividing the product 143175 of the three wheels A, B, C, by the 

product 196 of the three pinions F, Gr, H, we shall find that the 

Sinion H will make 730 revolutions, which corresponds to 365 
ays; and that there will remain 95 revolutions, which will 
correspond to 95 times 12 hours, or 1140 hours to be divided 
by 196. But if 1140 hours be divided by 196, we shall have 
five hours ; and there will remain 160 hours, or 9600 minutes, 
to be divided by 196. If we divide these 9600 minutes by 196, 
we shall find 48 minutes, with a remainder of 192 minutes, or 
11520 seconds, which being divided by 196, will give 58 seconds, 
with a remainder of 152 seconds, or 9120 thirds, which, being 
divided by 196, will give 46 thirds. The time, therefore, which 
the wheel A will employ in making one revolution, will be 
365 days, 5 hours, 48 minutes, 58 seconds, 46 thirds, and more; 
consequently will not be less by 1" 14'" than the time proposed. 
2nd. It ought to be remarked, that the tropical year is 
shorter by about 2 seconds than 365 days, 5 hours, and 49 
minutes, which were taken as the mean year. The time, there- 
fore, which the wheel A will employ in making a revolution, 
will approach as near as might be wished to the auration of the 
mean year. 

3rd. In the last place, it is to be remarked, that in en- 
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deavouring to find as the product F x Gr X H of the pinions, 

349 
a number which being multiplied by 730 — -, may give a 

product approaching as near as possible to a whole number^ we 

have made the numerator of the fraction =-r 

720 

greater by 1 or 2 or 3 or 4 units than a number divisible by 720, 

mstead of taking a smaller number ; because it is known that 

rthe time assumed as the duration of the mean or tropical year 

ought to be lessened rather than increased. Besides, had we 

J XI.- J X- u 1 . 349 X F X G X H + 1 
mcreased this duration, by making :— — ■ — , or 

349 X F X GxH + 2 349xFxGxH + 3 

72Ô '^' 72Ô >equaltoa 

whole number, we shall have succeeded as badly in finding 
numbers proper for the product of the wheels and that of 

349 xFxGrxH-1 
the pinions, as we did by supposing — , or 

349xFxGxH-2 349xFxGxH-3 

~"72Ô ' ^' 72Ô ' "^^^ ^ ^ 

whole number. Problem. 

582. To find the numbers of the teeth and leaves of the • 
wheels and pinions of a machine, which being moved by a pinion 
placed on the spindle of the minute-wheel oi a clock, shall cause 
a wheel to mate a revolution in 29 days, 12 hours, 44 minutes, 
3 seconds, and 12 thirds, which form a mean synodical revolution 
of the moon. 

Solution. 

Let A (fig. 212) be the wheel which is to perform a revolu- 
tion in 29 days, 12 hours, 44 minutes, 3 seconds, and 12 thirds ; 
H the pinion, which being placed on the spindle of the minute- 
wheel, will, like that wheel, perform a revolution in an hour, 
and B, C, F, G, two other wheels, and two other pinions, by 
means of, which the motion of the pinion H wUl be com- 
municated to the wheel A. 

As the pinion H performs a revolution in an hour, or 24 
revolutions in a day, it will make 696 revolutions in 29 days, 
and 708 revolutions in 29 days, 12 hours. 

A minute being —, or of an hour, the pinion H will 

oO 216000 

, 158400 ...... 

make ^ revolutions m 44 mmutes. 

i&lbOOO 
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1 60 

3600' **' 216000 



1 f\(\ 

A second being — — , or of an hour, the pinion H 



180 
will perform revolutions in 3 seconds. 

A third being of an hour, the pinion H will make 

12 

, revolutions in 12 thirds. 



216000 

While the wheel A, therefore, makes one turn, the pinion H 
158592 
will perform 708 revolutions, or (dividing the two terms of 

826 
the fraction by 192) 708 — - revolutions. 
L±ZO 

But (576) the product A x B x C of the wheels is equal to 

the product P x 0" X H of the pinions, multiplied by the number 

of tne revolutions which the pinion H performs during one 

revolution of the wheel A. We shall therefore have A x B x 

= FxGxHx708^. 

Therefore, when it is required that the wheel A should perform 

its revolution in 29 days, 12 hours, 44' 3" 12** exactly, we must 

take as the product F x G x H of the pinions, a number which 

826 
may be equal to the denominator of the fraction rr-rr, or which 

may be a multiple of that denominator. 

But if we take the number 1125 as the value of the product 

F X Gr X H of the pinions, and substitute it in the room of that 

826 
product, in the equation AxBxC = FxGrxHx 708 — J7> 

we shall have for the value of the product A x B x C of the 
wheels the number 797326, which cannot be decomposed into 
factors proper for being the numbers of the teeth of two or three 
wheels. THie wheel A, therefore, cannot be made to perform 
a revolution in 29 days, 12 hours, 44' 3" 12'"; and it will be 
necessary to find as the product of F x Gr X H of the pinions 

. , 826 

a whole number, which being multiplied by 708 rr^> may give a 

product approaching, as near as possible, to a whole number. 
In searching for the product of the wheels, or endeavouring 

826 
to approach it, when we have multiplied 708 —r by the product 

F X Gr X H of the pinions, the product found will be composed 
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of these two parts 708 x F x G x H, ^^^ ^ f,!i^ ^ ^ - But 

as the first part 708 x F x Gr X H will be a whole number, 
and as the sum of these two parts ought to approach as near as 
possible to a whole number, it will be necessary to proceed in 

1, *!. * *!, A ^ 826 X F X G X H 
such a manner, that the second part :rr^ may 

approach as near as possible to a whole number. 

T ^ *i, ^ .1, 4. *• 826 X F X G X H 

In order that the fraction — — may differ as 

llzo 

little as possible from a whole number, its numerator must be 

too large or too small, only by unity, to be divisible by 1125. 

But by making this numerator greater or less, by unity, and even 

by2or8or4or5or 6 or7 or 8 units, than a number divisible by 

1125, we shall find as the product A x B x C of the wheels' 

numbers, some factors which will be too great to be the numbers 

of the teeth of some of the wheels ; and therefore it will be 

necessary to proceed in such a manner, that the numerator of 

that fraction may be 9 units too small, to be divisible by 1125 ; 

that is to say, having added 2 to the numerator 826 x F x G X H, 

we shall suppose the new fraction — — ^^^ equal 

to a whole number represented by S, which will give this equa- 
^. 826 X F xGxH + 9 » 

^'^^ 1125 ^^' 

If the two members of this equation be multiplied by 
1125, and if 9 be then taken from each of them, ana the re- 
mainder divided by 826, we shall have the equation F x G x H 
^ 1125 S - 9 

"" 826 ' 

As the first member F x G x H of this equation must be a 

1125 S — 9 • 
whole number, the second member — — will be a whole 

number also. 

But this whole number is composed of two parts, 

826 S 299 S — 9 

^ , — TTTz — , and the first of these parts is a whole number, 

299 S — 9' 

since it is equal to 8 ; the second part therefore r— — will 

826 

be also a whole number. 

If the last whole number be represented by T, we shall 
299 8 — 9 
^^® QÔâ — = ^ 9 ^^^ ^ ^® *w^ members of this equation 
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be multiplied by 826, then increased by 9, and divided by 299, 

, ,, , ^ 826 T + 9 

we shall have S = ' — • 

299 
But as the first member S of this equation represents a 

826 T I 9 
whole number, the second member will represent 

a whole number also ; and as this member is composed of these 

598 T 228 T 4- 9 
two parts > — — , the first of which is a ^hole 

228 T I 9 
number, since it is equal to 2 T, the second part — ttt 

will necessarily be a whole number. 

If the last whole number be represented by V, we shall have 

228 T + 9 

— - — = V ; then multiplying each member of this equa- 

^yy 

tion by 299, taking 9 from it, and dividing by 228, we shall 

228 
As the first member T of this new equation was taken as a 

299 — V 

whole number, the second member will be a whole 

228 

number also. But as this whole number is composed of these 

228 V 71 V - 9 
two parts, and — — r — the former of which is equal 

228 22o 

71 V — 9 
to V which is a whole number, the second part — ^—r — will 

be a whole number also. 

Let this new whole number be represented by X : we shall 

71 V — 9 
then have this equation — — - — = X ; and if each of the 

22o 
members of this equation be multiplied by 228, increased by 9, 

and divided by 71, we shall have V = ■ 

The first member V of this equation being a whole number, 

228 X i 9 
the second ^^^^— will be a whole number also ; and as it is 

, ^ 213X 15X + 9 .^ ^ . ^ ,., . 
composed of two parts — =z — y — > the first of which is a 

15 X 4- 9 
whole number, the second — z;- will be a whole number 

also. 

G 
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Let the latter be represented by Y, we shall then have this 
15 X I 9 
equation — — - — = T; and if each of the members be multi- 
plied by 71, lessened by 9, and then divided by 15, the equation 

•111. Y 71 Y -.9 

will be X = — -= • 

15 

As the first member X of this equation is a whole number, 

71 Y — 9 

the second — will be one also ; and as it may be divided 

ID 

(^0 V n "v — Q 

into these two parts -rz-, — , the first of which is a 

15 15 

11 Y — 9 

whole number, the second — — wiU be a whole number 

15 

also. 

If the latter whole number be represented by Z, we shall 

11 Y- 9 

have — — = Z ; and if each of the two members be multi- 

lo 

plied by 15, increased by 9, and divided by 11, we shall have 

15Z + 9 

^"" 11 ' 

But the first member of this equation beiug a whole number, 

the second — will be a whole number also ; but it is 

composed of two parts -tt"' — ïl — ' ^^^ ^® ^^ ^^ these being 

4 Z + 9 
a whole number, the second — -- — will be a whole number 

also. 

Finally : If the last whole number be represented by cfe, we 
4 2-4-9 
shall have this equation — -- — = & ; from which we obtain 

Z = 11 (fe - 9 

4 
But as the first member Z of this equation is a whole 

number, the second will be one also; and as it is 

composed of two parts — j — and — - — , the first of which is 

3 <fe — 1 

a whole number, the second — will be a whole number also. 

4 

As the last whole number may be equal to 2, we shall have 
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3 <fe — 1 

— = 2, or 3 (fe - 1 = 8, or 3 cfe = 9, from which we obtain 

4 

c&=3. ..... 

We shall then have the nine following equations, which will 
give the values of the products AxBxCxFxGrxHof 
the wheels and pinions, Dy simple substitution : 

Ist & = 3 

2nd Z = '-i4^' 

3rd y = i^9 

1.1, ^ 71T-9 

** ^=-^5— 

5a, ^^22«+9 

fi,h ._299T-_9 

7* S = '^^ 

8fl. FxG><H=li2||^» 

826 
9th. Ax B X C = r X G X H X 708 -— 

1125 

As the first of these equations gives ... cfe = 3 
. If we put 3 for (fe in the 2nd, we shall have . Z = 6 
Putting 6 for Z in the 3rd, we shall have . . Y = 9 
Putting 9 for Y in the 4th, we shall have . . X = 42 
Putting 42 for X in the 5th, we shall have . V = 135 
Putting 135 for V in the 6th, we shall have . T = 177 
Putting 177 for T in the 7th, we shall have . S = 489 
Putting 489 for S in the 8th, we shall 

have F X G X H = 666 

In the last place, putting 666 for 

F X G X H in the 9th, we shall o 

have . . . A xB X = 472017 --—• 

JLJ-iuD 

As the number 666 found as the value of the product 
F X Gr X H of the pinions is composed of these four factors 
2, 3, 3, 37, reducible to the following three, 3, 6, 37, which may 
be the numbers of the leaves of the three pinions; and as the 
number 472017, found as the product of the wheels, neglecting 

G 2 
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9 
the B^jatire fiactkm — tttp' is composed of theœ CmsIoib^ 3, 7, 

7, 13, 13, 19, which may he diTided into these ihiee hands (3, 
19,) (7, 13,) (7, 13,^ and reduced to these three iactors, 57, 
91, 91, which may oe the nmnbers of the teeth of the three 
wheels, it is prored that the poblem is solved. 9 

It is to De remaii^ed, tnat the negative fraction, — ïT^ 

neglected in the product of the wheels, and hy which this pro- 

dnct is rendered greater than it ought to he, in order to canse 

the wheel A to make a reyolntion in 29 days 12** 44' 3* 12*, will 

not occasion in the time of the reyolntion of that wheel an error 

22 
of more than 2*rz. Por if we seek for the number of reyolu- 

3r 

tions which the pinion H will make during a reyolntion of the 

wheel A, dividing the product 472017 of the wheels, by the 

product 666 of the pinions, it will be found that this pinion H, 

which performs a reyolntion in an hour, will make 708 revolu- 

tions, which correspond to 708 hours, or to 29 days 12 hours, 

and there will remain 489 révolutions, or 489 hours, which 

22 
being divided by 666 will give 44' 3" 14"^ — . The t'me, there- 

fore, which the wheel A will employ to perform a revolution, 

will be 29 days 12 hours 44'3*14"'— ; consequentiy will exceed 

22 ^* 
the proposed time only by 2!" — • 
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The pieceding investigations and demonstrations of M. damns being 
the fiiQest, the clearest, and the best that have been published, on the 
principles according to which the teeth of wheels ought to be formed, 
the Editor has deemed it useful to give the work entire, as extracted 
from M. Camus's * Cours de Mathématique,' without interfering with 
the author's chain of reasoning by the insertion of notes, or of refer- 
ences to other authors. 

The young engineer, millwright, clock, watch, and chronometer 
maker, and others concerned with wheel-work, who will diligently 
and carefully go through these investigations, will thenceforward have 
reason to rejoice at having acquired a correct feeling of the nature of 
the accuracy which is requisite in order to insure tiie most beneficial 
and durable action of wheel-work of every kind and magnitude. 

From no other author would the student obtain so luminous and 
so critical a view of the requirements of perfect workmanship. But 
having once mastered Camus, and having obtained from his elegant 
demonstrations a dear view of the nature and value of the epicycloidal 
curve in one wheel or pinion, acting on a radial Hne in another wheel 
or pinion engaged with it, the searcher after accurate principles will 
be prepared for pursuing his inquiries into the nature and quality of 
other curves recommended for the teeth of wheels. 

A controversy having subsisted now for thirty years, among many 
of our first-rate scientific as well as practical men, on the question 
whether the diameter of the generating circle of the epicycloid, should 
be equal to the diameter, or to the radius, of the opposite wheel or 
pinion ; it becomes the duty of the Editor to place the subject in dis- 
pute fairly before the scientific world, in order that the real truth of 
the matter may be clearly seen. 

It may be well to commence with the following paper, prefixed to 
the first edition of this work. Its errors will subsequently be pointed 
oui 

" Additions to thb Wobk of M. Camus. 

** Although the theory of M. Camus, explained in the succeeding 
pages, be strictly correct, yet, as he has not given the generation of 
the epicycloid curve, nor its application, so as to render it familiar to 
practical mechanics, — to accomplish this desirable purpose, we are 
happy to avail ourselves of leave to make an extract from the new 
edition of Imison's 'Elements of Science and Art,' vol. i., page 97; 
which will not only completely answer this valuable purpose, but also 
point out some farther applications of that curve, as well as of the 
cycloid, which M. Camus has not touched upon, to other important 
usés in mechanics. 
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^ To describe the Cydoid and EpiqfcHoid : of use for shaping the Teeth 

of Wheels, dc. 

" If a point or pencil a (fig. 8, plate 37), <m the circumference of 
the circle B, proceeds along the phuae a in a right line, and at the 
same time revolves ronnd its centre, it will describe a cycloid 

" And if the generating circle D (fig. 9) moves along the circmn- 
ference of another circle E, and at the same time turns roond its 
centre, the point o wiU describe an epicycloid. 

" To ajpply the Cycloid and Epicycloid to the Teeth of Wheels, Pinions^ 
Backs, dc, so as to cause them to act with the least possible wear, or 
loss of power, by friction, 

'' Having described the genesis of the cycloid and epicycloid, it 
becomes necessary to show the manner of applying them, in practice, 
to the teeth of wheels, pinions, and racks ; and to i£e cams, or Hfting- 
cogs, of forges, mills for bruising ore, pounding gunpowder, beating 
flax, hemp, &c., so as to cause them to act, with the least possible loss 
of power, by friction ; and first, of the epicycloid. 

*' Fig. 1 (see plate 37) represents portions of a wheel and pinion : 
A B, and C D, are the pitch- lines, or primitive diameters, as tiiey are 
likewise termed ; those parts of the teeth contained between the pitch- 
Hues and the rims of the wheel and pinion are to be made radii, or 
shaped to lines drawn from the divisions in the pitch-lines to the 
•entres of the wheel and pinion ; the curved parts above the pitch- 
lines, reaching to the ends of the teeth, must be portions of epicy- 
cloids; in order to produce which, let two segments or portions of 
circles, equal to the radii of the pitch-lines, be drawn upon a smooth 
oaken or other plank, not less than half an inch in thickness, and let 
it be sawn or otherwise exactly shaped to those curves; see figs. 2 
and 3 ; the first of which, being of the same curvature with the pitch- 
line of the pinion C D, and the second, th^ same sweep as that of the 
wheel A B, a hole must then be bored obliquely in each, commencing 
a quarter of an inch from the edge on one side, and terminating in 
the edge of the opposite side ; into each of which holes a nail, &c., 
must be driven, until the points project a little below the holes, as at 
E E ; these points must then be filed, so as to leave them exactly in 
the peripheries of the circles, just long enough to make an impression 
upon any plane surface placed beneath them, and must be rounded 
and made conical, so as to trace a smooth even line; then, after 
having rubbed the sides, or circular edges of the segments, with 
powdered resin, fix the segment (fig. 2) fast upon the pitch-line of the 
pinion ; and apply the tracing-point in the other segment (fig. 3) 
successively to all the divisions of the teeth in the said pitch-line, 
and pressing its edge close to the edge of the fixed segment, cause it 
to roll or revolve about it, without slipping, one way or the other, 
until it shall have described the curves proper for -all the teeth of the 
pinion; then, taking off the small segment from the pinion, fiasten 
the larger one upon the pitch-line of the wheel; and proceed to 
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describe the curves of the teeth of the wheel, with the tracîng-point 
in the small segment, exactly in the same manner as those of the 
pinion. 

" The teeth in bevel geer should also be made partly radii and 
partly epicycloidal. 

'' We shall next proceed to explain the method of applying the 
epicycloid to the lifting-cogs or cams of forge hammers and other 
similar purposes, where both the moving bodies describe arcs of cir- 
cles : in this case, as only one tooth, cog, or cam, acts at a time, we 
;aeed only form two segments of circles ; one corresponding with the 
radius of the mill-shaft, or the place where the cog begins to act upon 
the hammer tail, as C I) (fig. 4), and the other equal to the distance 
from the axis of the hammer to the aforesaid radius, as AB; then 
fixing the segment CD, in the manner before mentioned, upon a 
circle of the same radius, ,drawn upon any fit plane surface, we must 
famish the other segment A B, with a tracing-point, and proceed as 
before to describe the curves proper for the lifting-cogs : that part of 
the hammer tail upon which they act, requiring only to be made fiat, 
and placed in a line drawn through both axes. 

" Fig. 5 represents portions of a rack and pinion : C D, the primi- 
tive diameter, or pitch-line of the pinion ; and A B, the pitch-Une of 
the rack; the sides of the teeth in the pinion, from the pitch-line 
to their bottoms, are to be made radii, as in fig. 1 ; but the sides of 
the teeth in the rack, below the pitch-line, must be drawn at right- 
angles to the pitch-line : the curved parts of the teeth in the pinion, 
and rack likewise, are to be made cydoidcd^ by forming a circular 
segment, corresponding with the radius of the pitch-line of the pinion; 
and a straight-edge or ruler, both being furnished with tracing-points 
in their edges ; then, fixing the circular segment fast upon th^ pitch- 
line of the pinion, proceed to describe aJl the curved parts of its 
teeth, by placing the tracing-point in the edge of the straight ruler, 
successivdy in all the divisions in the pitch-line of the pinion, and 
rolling it either one way or the other upon the circular segment, 
without slipping ; then, fixing the straight-edge fast upon the primi- 
tive or pitch-line of the rack, take off the circular segment from the 
pinion, and placing its tracing-point in the divisions made in the 
pitch-line of the teeth of the rack, roll it upon the straight-edge, 
either one way or the other, as before directed, until all the curves of 
the rack teeth are also traced. 

" Fig. 6 represents portions of a stamper of a mill for bruising 
ore, pounding gunpowder, beating hemp, &c., and of its shaft with 
liffcing-cogs : A B, is a line corresponding with that part of the arm 
of the stamper upon which the lifting-cogs first act ; CD, is the pitch- 
line of the axis, or the bottom of the curves of the lifting-cogs : in 
this case |we need not be at the trouble of making segments ; but 
describing a portion of a circle of the radius of the said pitch-line, 
upon any plane surface of wood, we drive a number of small nails, or 
tacks, into the said circular arc, leaving them standing half an inch 
above the surfftce of the wood ; then fixing a thread to the endmost 
nail, we made a loop at its other extremity, in which we place a 
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tracing-point, or pencil, E ; and keeping the thread stretched tight, 
cause it to form tangents to the circular arc C D ; and thus the tracer 
will describe a curved line, being a portion of a cycloid, upon the 
plane surface of wood ; which curved line is the proper form for the 
lifting-cogs ^of the mill-shaft ; the arm of the stamper should be made 
flat at the part where the lifting-cogs act upon it, and should be 
phiced in a line pointing to the centre of the mill-shaft, at the time 
the cog first comes into contact with it. 

" To form a Templet^ or Paiiem Tooth, to facilitate the Application of 
the Cycloid and Epicycloid, to the Teeth of Wheels, Pinions, dc. 

*' As, however, it would in aU cases be tedious, and in some nearly 
impracticable, to generate these lines and curves upon every tooth in 
a wheel, pinion, rack, &c., we shall describe an easy mode of forming 
a templet, or pattern tooth, and the manner of applying it with faci- 
lity, not only to the large teeth of wheels and pinions in mill-work, 
but also to the teeth of the smaller wheels, &c,, employed in cotton- 
works, clocks, watches, &c. 

" in order to which, having determined the radii of the pitch-lines, 
and made segments, corresponding thereto; having likewise deter- 
mined the height and the depth of the teeth, and divided the pitch- 
lines into teetii and spaces, as before : then, for wheels and pinions, 
instead of applying Uie segments immediately upon the wheels or 
pinions themselves, we take a plate of brass or other proper metal, 
a, a (fig. 7) ; and fasten it (by means of pins, driven through holes 
made in its comers) upon any plane surface of wood : we then describe 
upon it, by means of compasses or beam-compasses, the Hues corre- 
sponding with the primitive diameter or pitch-line, and tops and 
bottoms of the teeth in the wheel or pinion ; and fijdng the corre- 
spondent segment fast upon its pitch-line, wilh the point fixed in the 
other segment, describe that portion of the epicycloid which reaches 
from the pitch-line to the tops of the teeth ; then, after having taken 
off the fixed segment, draw a radius line from the commencement of 
the curve in the pitch-line to the bottoms of the teeth ; and taking 
the metal plate off from the plane surface, accurately file or shape one 
edge of it from & to b, to these lines so drawn, and likewise shape its 
upper and lower edges to the circular arcs described upon it; the 
extra portion from c to c, may likewise be removed ; then, taking a 
piece of wood (or in case of small works, metal), of a proper thickness 
and breadth, and long enough to extend over at least two of the teeth, 
describe upon it a circular arc, d, d, exactly equal in radius to the 
tops of the teeth, and then slitting one end of it from & to (2, fix into 
that slit the metal plate before described, by that part of it which 
extends above the line &, d ; observing that it be so placed in the slit, 
as exactly to correspond with its situation when generated ; that is to 
say, that the radius line of the templet may point exactly to the centre 
of Ôie circular arc d, d, of the piece of wood thus slit ; and the similar 
arc, b, d, of the templet, be in contact with that arc ; it must then be 
fastened in that position, by drilling holes through both pieces, and 
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riveting them together, so as to leave a projecting shoulder on each 
side of the templet, as shown in fig. 10 ; then, having turned the 
tops of the teeth to their proper diameter, we have only to apply 
the proper templet to each division in their primitive or pitch-lmes, 
and, resting at the same time the shonlder of it npon the tops of the 
teeth, draw the exact form of each tooth, by two operations (changing 
the side of the templet alternately), upon each of its ends ; and after- 
"wards shape its sides accordingly. 

^' In the case of racks, the same process will take place ; excepting 
only, that a straight-edge or ruler, must be fastened upon the primitive 
or pitch-line drawn upon the metal plate ; when that portion of the 
cycloid must be generated (by means of a point, fixed in the circular 
segment corresponding with the pitch-line of the pinion which is to 
work in the rack), reaching from the pitch-line to the tops of the 
teeth ; which done, the ruler must be t^en off, and a line be drawn 
at right angles from the pitch-line, to the bottoms of the teeth ; then, 
after shaping the edge of the metal plate to the said curve and right- 
line, it must be fitted into a slit, made in a straight-edge or ruler of a 
proper thickness, to leave a shoulder on each side of it ; so as when 
applied upon the tops of the teeth in the rack, its primitive line may 
correspond with the primitive or pitch- line of the rack teeth; by 
which means, the shape of the teedi may be traced upon their ends 
(by two operations), in the same manner as the teeth of wheels and 
•pinions." 

"Since these sheets were printed, a new edition of Ferguson's 
'Lectures on select Subjects' has appeared, with additions by David 
Brewster, A.M. The latter, treating on the formation of the teeth of 
wheels, &c., says, page 224, ' Thus have we endeavoured to lay before 
our readers all the information which we have upon this important 
subject ; and we trust it will be candidly received, as it is the only 
essay on the subjeclr which has appeared in our language ;' and in a 
note he adds : * In a book intitled Imison's Elements of Science and 
Art, which professes to be a second edition of Imison's School of 
Arts, there are some practical directions for the formation of the teeth 
of wheels, but they are so defective in principle that they cannot be 
trusted. The author seems merely to have heard that the acting faces 
should be epicycloidal, but to have been totally ignorant whether the 
epicycloids should be exterior or interior, and what should be their 
bases and generating circles. The directions which this author gives 
for forming the teeth of a rack, and the lifting-cogs or cams of forge- 
hammers, are equally destitute of scientific principle.' 

" We may, however, remark here, that Mr. Brewster's is not the 
first essay on the subject which has appeared in our language. A work 
in English on Mechwiic^ Powers, by Mandey, was printed so long since 
as the year 1702, at the end of which he gives as an Appendix, an 
Essay on Epicycloids, and their Use in Mechanics, which he says was 
lately published in France by an able mathematician, and wluch in 
fact contains the principal part of the theory which Mr. B. now re- 
publishes ! His additions are by no means applicable to our present 
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improved practice ; for it is a fiact, that the epicycloidal faoes of the 
teeth of wheels and pinions ought not to act npon each other, but 
reciprocally upon those parts which are made radii, to produce their 
most beneficial efifects. None of the examples given by Mr. B., how- 
ever, possess these advantages. We may remark further, that the 
principles recommended by the author whom Mr. B. has attacked, are 
not onlj demonstrably correct, but have been found so in practice in 
mills upon a very large scale, the wheel-works of which ha^e been in 
use for more than seven years, without requiring any repairs. The 
alleged ignorance imputed to the author of the paper in Imison's 

* Elements,* respecting * whether the epicycloids should be exterior or 
interior,' is misapplied, for in all the examples he has given, there is 
no occasion of employing the interior epicycloid at aU ; but in regard 
to their bases, generating circles, and the manner of applying tibem 
to use, we think he has given very explicit information ; and we may 
add, that his application of the epicycloid to forming the liffcing-cogs 
or cams of forge-hammers, and of aie cycloid to the teeth of a rack 
and pinion, will be found equally correct and useful in practice." 

The edition of Imison alluded to, was published in London in 
1803. The first edition of the English translation of Camus appeared 
in 1806. The quotation from Ferguson is £rom the first edition of 
Ferguson's * Lectures,' edited by Dr., now Sir David Brewster. In the 
second edition of which, published at Edinburgh in 1806, a second 
note is appended, as follows. 

'* The preceding note which was published in the first edition of 
this work, has called forth a reply from the author of the article in 
Imison's * Elements,' on which I had animadverted. 

" This reply was published in a translation of one of Camus's 

* Essays on tiie Teeth of Wheels,' and was written by a Mr. Thomas 
Gill, in London. This gentleman insists, that the rules which he has 
given in Imison's ' Elements ' are correct, because they have been found 
to answer in practice ; though it is demonstrable, and evident to every 
person who understands the subject, that the generating circles with 
which he describes his epicycloids, are twice as large as they ought to 
be. The same gentleman has thought proper to say, that the pre- 
ceding article on the teeth of wheels is defective, in not containing 
that method of forming the teeth in which the acting faces are partiy 
•radii and partly epicydoids ; while this very method is not only givea^ 
but recommendsd, to the notice of the practical mechanic I (see page 
223, line 11 from bottom.) I shall forbear making any animadversions 
on this new mode of literary assault. I willingly commit the subject 
to the judgment of every intelligent reader." 

The passage referred to at page 223, is this, ^'As it would be 
extremely troublesome, however, to give the double curvature to the 
acting faces of the teeth, it will be proper to use a generating circle, 
whose diameter is equal to the radius of the wheel B C, for describing 
the interior epicycloid e h, and the exterior one h c, and a generating 
circle, whose diameter is equal to A C, the radius of the pinion for de- 
scribing the interior epicycloid h a, and the exterior one e d. In this 
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case the two interior epicycloids eh^ha, will be straiglit lines, tending 
to the centres B «and A, and the labour of the mechanic will by this 
means be greatly abridged." 

It is unnecessary to copy the engraving to which these letters of 
reference relate, as the demonstrations of M. Camus given above in the 
6th Corollary (542), as deduced* from the preceding numbers, com- 
mencing with 536, is so complete and satisfactory, that any one who 
will attentively study that portion of the work, and refer to the 
figures 178, 179, 180, 181, 182, and 183, plate 26, wiU see that 
the diameter of the generating circle of the epicycloid^ must be eqwd 
to the RADIUS, and not to the diameter of the opposite wheel or pinion. 

When, instead of the teeth of a pinion, the rungs of a lantern are 
treated of, and considered as of infinitely small dimensions, then, and 
then only, the generating circle of the epicycloid is defined to be 
equal to the diameteb, and not to the radius of the lantebn ; as is 
clearly shown by the 7th Corollary (543\ And here appears to be 
the origin of the erroneous view of the editor of Imison's ' Elements ;' 
he has not distinguished between the epicycloid acting against a radial 
line^ and that acting against a point : tiie radical line in the wheel or 
pinion demanding an epicycloid derived from the radius, while the 
point in the lantern Te^mres an epicycloid derived from the diameter. 

That the wheel or pinion requires the tooth of the driving-wheel or 
pinion to be an epicycloid generated by a circle equal to the radius 
of the wheel, or pinion, is again shown in the second solution (548), 
where these words occur, " the generating circle of which Y, has for 
diameter, the radius A B of the pinion," referring to fig, 171, where 
the generating circle Y is shown, by dotted lines, to be half the 
diameter of the primitive circle of the pinion. 

And in the third part of the same solution (548), these words are 
found, " the generating circle of which V, has for diameter, the radius 
AT of the toheel" and this generating circle V is represented by 
dotted lines also in fig. 171. 

There is therefore no obscurity in the language of M. Camus on 
this subject, and it would be superfluous to quote other passages to the 
same purport, from his descriptions and definitions of the modes of 
forming the teeth of bevel wheels, pinions, and lanterns, where he 
demonstrates that the same laws govern the genesis of the spherical 
epicycloid. (See 557 to 570.) 

Although the above proofs must be sufficient for those who will go 
into the subject with the attention it deserves, yet as the false notion 
has obtained an extensive acquiescence on the part of many of our 
first-rate engine manufacturers, some of whom are pouring into the 
market içultitudes of cast-iron wheels and pinions of various magni- 
tudes, for cotton and other machinery, with teeth formed from the 
epicycloid of the diameter, instead of tiie radius of the opposite wheel, 
or of the opposite pinion ; the following extracts from Rees's Cyclo- 
psBdia (article " Clock movement," said to have been written by Mr. 
Thomas Eeid, an eminent clock-maker of Edinburgh), are given in 
corroboration of the views before elicited, and in the hope of awakening 
those manufacturers to a sense of the injuries which they are occa- 
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sioning to their customers, by supplying them with wheel-work that 
must wear out in a few years, instoEMl of lasting the greater part of a 
century, which many of the wheels would do were ^e teeth formed 
on true principles. 

^ CamuSy in his ' Cours de Mathématique,' liv. 10 and 11, has inves- 
tigated the epicycloid as it fonus a rule for the formation of teeth in 
wheel-work, which portion of the work has lately been translated into 
English, but the translator has added some practical directions 
reâpecting the shape of a tooth, taken from Lnison's * Elements of 
Science and Art,' the principles of which we think it necessaiy to 
correct ; at the same time that we avail ourselves of the elucidation 
of our subject which Oamus's niasterly treatment of it affords." 

" The translator of a part of Oamus, and the editor of Imison's 

* Elements of Science and Art,' have positively, though erroneously, 
asserted that the generating circle should, in all cases of wheels and 
pinions, be equal to the fellow of the wheel on which the curve is to 
be described, in which opinion some very respectable mechanicians 
agree ; but others, on the contrary, assert, with equal confidence and . 
more truth, that the said generating circle should have its diameter 
equal to only one half of the diameter of the said fellow. (See 
Camus, Dr. Young's * Syllabus,' and Brewster's edition of Ferguson's 

* Select Exercises,' &c.) 

^ A careful examination of Oamus's demonstrations would of itself 
have reconciled the disagreeing parties, which we trust a due atten- 
tion to our elucidation, by means of the tracer and radial lever, will 
not fidl to effect. The &ct is, that where pins like our tracers or 
spindles, are used for teeth in any wheel or lantern, as is frequently 
the * case in large works, the generating circle must be equal in 
diameter to the £ameter of the acting wheel or lantern which it repre- 
sents, in order to trace the epicycloidal teeth of its fellow ;* but in 
clock movements, and in all other instances in wheel-work where both 
the wheels and pinions have the epicycloidal formation, the generating 
circle must be only one half in diameter to what is required when 
lanterns are used, for in this case, which is most frequent, the interior 
and exterior epicycloids impel each other alternately, the former being 
a portion of a radial lever, and the latter a portion of the epicycloidal 
curve. 

" Olaus Boomer, the celebrated astronomer and mechanist of Den- 
mark, according to Wolfius and Leibnitz, was the first who pointed 
out Ùxe utility of the epicycloidal curve, when applied to delineate 
the shape of a tooth ; but De la Hire took up the subject after him, 
and demonstrated that if a tooth of either a wheel or pinion be formed 
by portions of an exterior epicycloid, described by a generating circle 
of any diameter whatever, the tooth of its fellow will be properly 

* It should here be remembered that in this case the epicycloidal tooth must 
be first formed, as if working on a rung of infinitely small diameter, and then cut 
away to suit a rung of the g^ven finite diameter ; as clearly explained above by 
M. Camus (545, 546). 
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formed, by portions of an interior epicycloid, described by the same 
generating circle ; which curions circnmstance allows of an infinite 
variety in the two corresponding curves that form the teeth of the 
wheel and pinion, if they were practicable." 

The epicycloidal curves are applicable to practice, only in pro- 
portion as they approximate to that generated by a circle, the diameter 
of which is equ%l to the radius of the opposite wheel or pinion. 

The student, however, will be well rewarded for his trouble in 
going through the investigations of M. De la Hire, in the original, 
published in Paris in 1694, or in the translation of a considerable 
part of them into English, by Mandey, published in London in 1696. 

M. De la Hire takes a different method of investigation, but arrives 
at the same conclusion as M. Camus; but M. Camus's process of 
reasoning is more concise, elegant, and clear. 

It would be tedious to multiply quotations to enforce a point 
already so strongly proved. Should, however, any person have doubts 
still remaining, he would do well to pursue the inquiry, by referring 
to Dr. Thomas Young's ' Philosophy ' (published in London in 1807, 
2 vols. 4to), page 176 of vol. i., plate 15, and page 55 of voL ii. ; 
Buchanan's ^ Essay on the Teeth of Wheels,' revised by Peter Nichol- 
son (London, 1808, 8vo), pages 15 to 35; Ferguson's * Lectures,' 
edited by Sir David Brewster (Edinburgh, 1806), pages 210 to 226 ; 
or indeed to any other author who has written on the teeth of wheels, 
except the editor of Imison's ^Elements;' all besides him having 
irreâitably proved that the epicycloidal part of a tooth, designed to 
act on another wheel or pinion, against a part of a tooth lying in 
a plane cutting the two axes, must, to ensure smooth and durable 
action, be generated by a circle equal to the radius of the wheel or 
pinion with which it is to be engaged ; and not equal to the diameter, 
as contended for by the editor of Imison's 'Elements,' and unfor- 
tunately acted on by many of our most eminent engine manufacturers, 
some of whom have confessed that they adopted the erroneous practice 
without investigation, from &ith in the very extensive mechanical 
knowledge possessed by the promulgator of the error. 

The Editor appreciates that knowledge so highly, that he has been 
in the habit, for more than thirty years, of designating his 'friend a 
walking encyclopsddia ; and has referred to him hundbreds of times 
for information, as to what has been discovered and performed in 
numerous branches of science and art. His personal regard, therefore, 
would have prompted him to screen the editor of Imison's * Elements' 
from the exposure of his error, could he have forgotten the public 
duty which devolves upon him as editor of Oamus ; that duty impe- 
riously calling on him to display the truth of the subject treated on, in 
the fallest and clearest manner, irrespective of the fedings or pre- 
judices of any person whomsoever. 

In order to address the understanding through the medium of the 
eye, for the information of those who either cannot or will not go 
into the mathematical investigation of this subject, two segments of 
the rims of spur wheels, the one of two feet, and the other of one foot 
radius, with epicycloidal teeth, are diown in plate 38, The shaded 
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teeth are of a proper length for smooth and durable action, either in 
wood or iron, requiring no play in the engagement, the entering 
comers of the teeth passing by each other without teaching. Many 
millwrights, however, prefer the teeth somewhat longer, as represented 
by the dotted line ah; and some few, addicted to old fwshions, make 
the teeth as long as is shown by the round dotted line c d. 

Our forefathers made the teeth long for the sake o( haying several 
in action at the same time, in order that each tooth should have to bear 
only a part of the strain ; but experience has been gradually shorten- 
ing the teeth of wheels ; and the best mechanicians now hold, that teeth 
longer than those represented by the shaded part of plates 38 and 39, 
are injurious. 

It is much more advantageous to extend the bearing surfaces, by 
giving additional thickness to the wheels, and thereby additional 
breadth to the teeth ; the division of the strain is thus effected with- 
out increasing the sliding of tooth upon tooth, which in'long teeth is 
very considerable, but in short teetii is so small, that many good 
mechanicians have expressed an opinion that there is no sliding ; 
because, say they, the truly-formed epicycloidal tooth rolls on the 
radial surface against which it acts ; Ôiis is, however, an error, as 
will be obvious on inspecting the places of contact of the several teeth 
shown in plate 38, where, if we suppose the segment A B to be the 
driver, moving downwards and driving the segment C D, it is obvious, 
that the point of contact e of two teeth, when situated in the line of 
eentres x y, will be at the place where the primitive circles 2 1, 2 3, 
cut that line ; but in descending the distance of a tooth and a space, 
the point of contact will be a little within the primitive circle of the 
segment C D, while the point g, which was in contact at e, will have 
receded £rom that primitive circle near /, by sliding four-tenths of an 
inch. If the teeth were elongated, as shown by the dotted lines h h t, 
t a hj and the motion continued the distance of another tooth and 
space, the point of contact t would be a little farther within the 
primitive circle of the segment C D, but the point Z, which was in 
contact at e, when in the line of centres, would, by moving the distance 
of two teetii and two spaces, have slidden sixteen-tentibs of an inch 
from that part of the primitive circle near » ; a quantity of sliding too 
destructive to be compensated for by any advantage that could be 
derived from dividing the strain, by having two teeth always in con- 
tact instead of one. The quantity of sliding of any tooth on another, 
is always equal to the distance of the two primitive circles from each 
other, at the place nearest to the final contact of the two teeth. 

If the oâier segment be considered as the driver, or both the 
segments be supposed to move upwards instead of downwards, the same 
results will become manifest, and it will be clearly seen that the sliding 
of the tooth increases in a direct ratio with the angular distance of the 
point of contact from the line of centres. 

Short teeth, therefore, have a great advantage over long ones on 
the score of sliding ; and they have a great advantage too in respect of 
strength ; and hence equal strength may be obtained from thinner 
teeth ; and a greater number may be given to a wheel, whereby ihe 
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Btrain may be beneficially divided, without occasioning the evil of 
excessive sliding, by which an injurious degree of friction would be 
created, to be overcome by a continual waste of power. 

The dotted lines mn,no, show the elongation of a tooth of the 
segment D, generated, as are the elongations of all the other teeth, 
by a circle equal to the radius of the opposite segment. 

The dotted lines between and below the roots of the teeth, represent 
the necessary deepening of the spaces to allow the elongations free 
play. The dotted circular lines p q, show that it is not necessary to 
weaken the tooth, by making the space angular at the bottom. 

It is obvious, on inspection, that the curves mn,no,h t, t k, are of 
the proper figure for actlYig on the radial lines, constituting the sides 
of the spaces of the opposite segments. Now these curves are 
accurately generated by circles, the diameters of which are equal to 
the radii of the primitive circles of the opposite segments ; and are in 
strict accordance with the demonstrations of M. Gamus. 

The curve contended for by the editor of Imison's * Elements,' is 
shown by the dotted lines mr, ro, which are generated by' a circle 
equal in diameter with the diameter of the primitive circle of the 
opposite segment. It is clear from inspection, that a tooth thus 
bounded, could not act, except the sides of the space were made of 
a different figure from the line of radius. In fact, the part of the 
tooth within the primitive circle would have to be cut away, less or 
more, according to the length of the tooth ; thus, if the tooth were 
of the length represented by the shaded part, an indentation should be 
made in the side of the tooth, equal to that shown by the short curved 
dotted line st; if the tooth were of the length indicated by the dotted 
line a h, the indentation would have to be longer and deeper, as shown 
by the curved dotted line su; and if the tooth were of the length 
shown by the dotted lines mr,ro, then the indentation ought to be as 
long and deep as that shown by the dotted line î v. 

If these indentations are not made in the wheel by the millwright, 
the falsely-formed teeth will, in the course of working, excavate such 
indentations for themselves : hence we see too generally in old wheels, 
the teeth worn away into deep hollows within the primitive circles, 
while the points of the teeth have retained nearly their original fiEdse 
figure. 

Many persons, from observing this form of old teeth, have adopted 
the erroneous notion that this is nature's form, and consequently must 
be the correct figure; they have, therefore, made the faces of their 
new teeth accurate copies of the old ones; merely taking care that 
the new teeth should be as strong as the old ones were before they 
began to wear away. 

Now if that part of the teeth of wheels, projecting beyond the 
primitive circles, be made truly epicycloidal at the first, and so accu- 
rately geered, that the primitive circles shall always cut the line of 
centres in the same place ; and if that part of the teeth within the 
primitive circles be made plane surfieuses, lyin^ in the direction of the 
radius, there appears to be no reason why, in wearing, they should 
ever change their figure. 
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Mr. James White, however, in his * New Century of Inventions,' 
published at Manchester without date (suppose about 1820), quotes a 
memoir read by himself, before the Literary and Philosophical Society 
of Manchester, December, 1815, in which, after showing the value of 
the epicycloidal curve for imparting equable motion from one wheel 
to another, he says (page 93^ " I purposely omit other interesting 
circumstances in the application of this beautiful curve to rotatory 
motion ; a curve by which I acknowledge that equable motions can 
be produced, when the teeth of the ordinary geering are made in this 
manner. But here is the misfortune ; besides the difficulty of executing 
teeth in the true theoretical form (which indeed is seldom attempted), 
this form cannot continue to exist ; and hencfe it is, that the best, the 
most silent geering becomes at last imperfect, noisy, and destructive 
of the machinery; and especially injurious to its more delicate 
operations." 

Mr. White then attempts a theoretical proof of " the cause of this 
progressive deterioration," and concludes: "Thus it appears that, 
independently of the effects of percussion, the end of an epicycloidal 
tooth must wear out sooner thûi any part near its base (and if so, 
much more it may be supposed of a tooth of another form) ; and that 
when its form is thus changed, the advantage it gave must cease, 
since nothing in the working of the wheel can afterwards restore the 
form, or remedy the growing evil." 

Experience does not couârm Mr. White's theory, and his reasoning 
fidls to convince the Editor that there is any tendency in the epicy- 
cloidal tooth to wear its fellow unequally. Indeed, he is convinced 
that there is no such tendency; and that all the irregular wearing 
away of teeth is occasioned entirely by their original improper con- 
figuration. 

The two curved lines t» to, to o, are involutes of the primitive circle 
of the segment CD; it is evident on inspection, that these curves 
would require much deeper indentations of the sides of the teeth 
within the primitive cirdes, than the curves mr, ro, and therefore 
would excavate such indentations for themselves in the course of 
working against teeth having radial planes at the base. 

In this, as in all other malformations of a tooth, the wearing away 
has no tendency to repair the figure, but, like a crooked river in a 
level country, which always grows more crooked, except art interposes 
a barrier, so the indentations at the sides of the tooth will go on 
increasing in magnitude, until the tooth becomes too weak to resist 
the strain thrown upon it. 

AU the remarks on the wearing away of the radial plane, or internal 
epicycloid, apply, in an especial manner, when the teeth are made of 
wood, however luird ; because the side of the grain is more easily 
abraded than the part which partakes both of side and end grain, as 
is the case with the epicycloidal &joe of the teeth outside the primitive 
circle. 

When metal teeth work together, the alteration of figure is less 
rapid, on account of the homogeneous nature of the material, and 
because there generally exists a small degree of compensation for the 
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irregnlar fonn of the tooth, in the yielding afforded by the elasticity 
derived from the torsion of the shafts, whereby the shocks from the 
ill-formed teeth are rendered less severe than they would be, if 
the shafts possessed no elasticity. 

These shocks, and the consequent friction and wearing away, are 
sometimes avoided, by making two rows of teeth in each wheel, the 
teeth in one row standing opposite the spaces in the other row; 
and sometimes three rows are employed, the teeth of each row being 
placed one-third of the pitch behind or before the teeth of the a^oining 
row ; and thus the evils arising from bad figure of tooth are lessened 
although not entirely avoided. 

Before dismissing the consideration of the epicycloid, it will be 
proper to notice some of the other errors of the paper headed, " Addi- 
tions to the work of M. Gamus" (copied in this Appendix, page 79). 
It is stated that Gamus *' has not given the generation of the epicycloid 
curve." This is a mistake, since the definitions (536) and six sub- 
sequent corollaries are expressly devoted to the mode of generating 
that curve. 

The application of " the epicycloid to the lifting cogs or cams of 
forge-hanuners" (page 137) is contrary to all sound mechanical prin- 
ciples ; because a cam formed according to that curve would set the 
hammer in motion at its full velocity at once, from a state of rest ; 
and would require an enormous degree of power to overcome the via . 
inertia of the hammer. Whereas the fiice of the cam ought to be so 
formed as to commence lifting the hammer with a very moderate speed, 
and then follow it up with accelerated velocity, until it attains its 
greatest altitude. 

It is said (page 81) that ''the curved parts of the teeth in the 
pinion, and rack likewise, are to be made cydoidcdJ' The curve 
generated by the circle rolling upon the straight line, will be a cycloid ; 
but since it is generated by a circle equal in diameter to the diameter 
of the primitive circle of the pinion, it is a false curve for the purpose of 
forming the extremities of the teeth of the rack. The diameter of the 
generating circle ought to be equal to the radius of the primitive 
circle of the pinion ; for similar reasons to those abundantly given' 
above in respect of wheels and pinions. 

The term cycloid is a misnomer, as applied to the curve generated 
by a straight line upon a circular base, as in the teeth of the pinion, 
fig. 6 : that curve is the involute, which will be treated of below. 

The same errors pervade the directions for lifting the stamper 
(fig, 6). 1st. The curve denominated the cycloid, is the involute,,but 
represented as being generated by a thread, instead of a '' straight- 
edge or ruler:" now both methods produce exactly the same curve. 
2ndly. The involute is highly improper for a cam to lift a stamper, 
for the reasons given against the epicycloidal cam for lifting a forge- 
hammer ; the shocks in either case would be so tremendous as to shake 
the works to pieces in a short time. 

In page 84 it is said, that '' there is no occasion of employing the 

interior epicycloid at all." The editor of Imison's ' Elements' seems 

* not to be a\^are tiiat Sir David Brewster u^s the term interior 
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epicycloid to designate the radial line, wliicli is a real internal cpicy» 
cloid generated by a circle equal in diameter to the radins of the base. 
Haying performed the unpleasant duty of pointing out the errors 
of the above paper, as a warning to young engineers, millwrights, 
clockmakers, &c., the Editor takes upon himself àe pleasant office of 
recommending to the attention of the student the excellent mechanical 
apparatus shown at figures 2, 8, 7, and 10, and described in pages 80," 
82, 83, &c., reminding him, however, that the curves of figures 2 and , 
8 are from radii twice as long as they ought to be. 

Of the Involutb. 

Since M. Camus has treated of no other curve than the epicycloid, 
it would appear that he considered it to supersede all others for the 
figure of the teeth of wheels and pinions. And the Editor must 
candidly acknowledge that he entertained the same opinion until after 
the greater part of the foregoing sheets were printed off; but on 
critically examining the properties of the involute with a view to the 
better explaining of its application to the formation of the teeth of 
wheels and pinions, the Editor has discovered advantages which had 
before escaped his notice, owing, perhaps, to his prejudice in favour 
of the epicycloid, from having, during a long life, heard it extolled 
above all other curves; a prejudice strengthened too by the supre- 
macy given to it by De la Hire, Dr. Bobison, Sir David Brewster, 
Dr. Thomas Young, Mr. Thomas Beid, Mr. Buchannan, and many 
others ; who have, indeed, described the involute as a curve by which 
equable motion might be communicated from wheel to wheel, but 
scarce any of whom have held it up as equally eligible with the 
epicycloid ; and owing also to his perfect conviction, resulting from 
strict research, that a wheel and pinion, or two wheels, accurately 
formed according to the epicycloidal curve, would work with the least 
possible degree of friction, and with the greatest durability. 

But the Editor had not sufficiently adverted to the case where one 
wheel or pinion drives, at the same time, two or more wheels or 
pinions of different diameters, for which purpose the epicycloid is not 
perfectly applicable, because the form of the tooth of the driving- 
wheel cannot be generated by a circle equal to the radius of more 
than one of the driven wheels or pinions. In considering this case, 
he found that the involute satisfies all the conditions of peifect figure, 
for wheels of any sizes, to work smoothly in wheels of any other 
sizes ; although, perhaps, not equal to the epicycloid for pinions of 
few leaves. The only objection to the involute âiat occurred to some 
was, that great inclination of the line of contact of the two teeth to 
the line of centres, must give a continual tendency in the driving- 
wheel, to thrust the driven one to a greater distance from itself; and, 
consequently, to produce a constant pressure against the bearings of 
both ûdes. 

This opinion was confirmed by the remarks of Dr.'Thomas Young • 
('Lectures on Natural Philosophy,' vol. i., page 177). He says, " If 
the face of the teeth, where they are in contact, is too much inclined 
to the radius, their mutual friction is not much affected, but a great * 
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pressure on their axes is produced, and this occasions a strain on the 
machinery, as well as an increase of friction on the axes." 

Holding this YÎew, it was not without surprise that the Editor was 
informed by that extremely accurate workman, Mr. Joseph Clement, 
Engineer, of Prospect Place, Lambeth, that he had often laid two 
wheels, with teeth of the involute figure engaged together, on a work- 
bench, without any confinement of the axes, and that either of the 
wheels, on being turned around, would turn the other, without thrust- 
ing it away, or exhibiting the least tendency to increase the distance 
of the axes. 

With the view of aiding in the development of the cause of this 
fSftct, so contrary to the appearance, the EcQtor constructed the sectors 
of two wheels, each of two feet radius, and containing four teeth of 
the same curve as those of the segment G H (plate 89) ; but of the 
dimensions shown by the dotted Hne a bed; one of these sectors 
(designated No. 1) was mounted on a fixed axis, and the other (No. 2) 
on an axis so delicately hung, that a force, equal only to a few grains, 
would cause the sector. No. 2, to recede in a direct line from the 
fixed axis of No. 1. Thus prepared, the following experiments were 
made. 

JExperiment L 

The teeth of both sectors being engaged, their full depth of an 
inch and a half, No. 1 was moved forwards and backwards a great 
number of times, without exhibiting the least tendency to thrust 
No. 2 to a greater distance, notwithstanding the tangent to the snr- 
fJEUses of the teeth in contact formed an angle of nearly sixteen degrees 
with the line of centres. The points of contact of the teeth at the 
line ^of centres were three-quarters of an inch from the ends of the 
teeth. 

Experiment II. 

The teeth were engaged an inch and a quarter deep, consequently 
the ends of the teeth were a quarter of an inch free from the bottoms 
of the spaces ; the tangent of contact made an angle of nearly seventeen 
degrees with the line of centres ; and the point of contact at the line 
of centres was five-eighths of an inch from the ends of the teeth. The 
sector No. 1 being repeatedly moved forwards and backwards, some- 
times caused No. 2 to approach, but never to recedo. 

In Experiment I. the approach could not take place, because the 
teeth were engaged their fall depth. 

Experiment HE. 

The teeth were engaged one inch deep, leaving half an inch 
between the ends of the teeth and the bottoms of the spaces. The 
angle of the tangent of contact with the line of centres was eighteen 
degrees; the points of contact at the line of centres, half an inch 
from the ends of the teeth. On the sector No. 1 being moved fre- 
quently forwards and backwards, no motion of the axle of No. 2 
appeared. 

h2 
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Experiment Vf. 

The teeih of the sectors were engaged thiee-qnarteis of an inch 
deep, consequently the ends of the teeâi were three-quarters of an inch 
£ree from the bottoms of the spaces ; the points of contact of the teeth 
at the line of centres were three-eighths of an inch from the ends of 
the teeth ; the angle of the tangent of contact with the line of centres 
was nineteen durées. The axle of sector No. 2 neither approached 
nor receded on nnmerous trials made by moving No. 1. 

Experiment V. 

The teeth were engaged half an inch deep ; the point of contact 
was a quarter of an inch from the ends of aie teeth, at the line of 
centres ; the ends of the teeth were one inch from the bottoms of the 
spaces ; the tangent of contact formed an angle of frdl twenty degrees 
with the line of centres. In a great number of repetitions of this 
experiment, a slight receding of sector No. 2 sometimes appeared. 

Experiment VL 

The teeth were engaged a quarter of an incl^; the ends of the 
teeth, therefore, were one inch and a quarter from the bottoms of the 
spaces ; and the points of contact one-eighth of an inch from the ends 
of the teeth at the line of centres ; the angle of the tangent of contact 
with the line of centres was rather more lHan twenty-one degrees. 

In this experiment which was repeated very frequently, a tendency 
to recede appeared several times, but so slightly as to be of no prac- 
tical importance ; the quiescent state of the lôle was much oftener 
inanifest than the receding. 

These experiments, tried with the most scrupulous attention to 
every circumstance that might affect the results, elicit this important 
fact, that the teeth of wheels, in which the tangent of the surfaces ill 
contact make a less angle than twenty degrees with the line of centres, 
possess no tendency to cause a separation of their axes, consequently 
there can be no strain thrown upon the bearings by such an obliquity 
of the tooth. 

The fEkct ascertained, the cause must be sought. Now the angle of 
inclination of the teeth must, according to tibe theory of inclined 
planes, have a tendency to cause the driven tooth to recede from the 
driver, in the direction of the line of centres, with a force equal to 
the sine of the angle of inclination; there must, therefore, be a 
counteracting cause somewhere ; a tendency to make the axes approach 
each other. There appears to be only one cause in operation that can 
possibly afford that counteraction, and that is, friction ; the friction 
of the teeth upon each other, tending to drag, rather than to slide. 

In these experiments the friction may be supposed to be consider- 
able, because the sectors were made of soft red cedar, a quarterr of an 
inch thick, with the grain of the wood lying in the general direction 
pf the length of the teeth. But in Mr« Clement's experiments* of the 
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wheels lying loosely on the work-bench, the teeth were all of metal ; 
and yet in that case the connteracting attraction by friction was 
"equal, if not superior, to the repulsion by the obliquity of tooth ;^' of 
which fact there will be no doubt in the minds of those who are 
acquainted with Mr. Clement's character for veracity and experimental 
tact. 

On the Involute Tbaobb. 

A very simple instrument for drawing the involute with ease and 
accuracy is shown at fig. 1 (plate 40), where A represents a plan of 
the instrument, and B an end view ; a b shows a straight piece of 
watch-spring filed away at the edges, so as to leave two short teeth, or 
marking-points (c c), projecting from the two edges of the watch- 
spring ; at a is a screw, holding the spring in contact with the end of 
a templet formed according to a sector of a circle, equal to the base 
upon which the involute is intended to be generated ; at 6 a bit of 
wire is put through and riveted in the spring to form two knobs as a 
handle, by which the spring can be kept on the stretch, and moved 
laterally; défis the sector or templet, equal in thickness to the width 
of the spring. 

In using this instrument, fasten the templet upon the side of the 
wheel, drawing-board, or upon whatever surface ihe involute is to be 
drawn ; the centre / coinciding with the axis of the wheel or its 
representative on the drawing-board, or other surface ; then, holding 
the knobs as a handle, keep the spring stretched tightly, so that it 
may remain a correct tangent, while it is made to approach the circle; 
and the marking-point is made to leave a trace upon the surface over 
which it has passed ; when the marking-point arrives at the circle, the 
tracing left by the point will be a true involute. 

Two teeth are left; in the spring, so that it may be turned over to 
form the counter-involute, for the other side of the tooth of the wheel. 

For very small wheels, the thinnest watch-spring may be used, 
and if none be found thin enough, it can be filed thinner ; for it is 
an essential circumstance to the formation of a true involute, that the 
spring, when left to itself,, shall- be quite straight, and shall recover 
that straightness affcer having been bent into contact with the circle. 

For large wheels a straightened clock-spring will be found very 
convenient for the purpose ; and to save the trouble of filing away the 
width of the spring, to leave two teeth, a small part of the spring may 
be softened by a pair of red-hot tongs, and a point be raised up 
from the line of the edge, on each side, by a cut with a sharp chisel, 
as shown at fig. 2. 

On Drawing the Outlines op a Paib op Wheels with 
Involute Teeth. 

To proceed in tracing the outlines of a pair of wheels with teeth, 
formed according to the involute curve, draw the line of centres, a b 
(fig. 3), and divide it at c, into two parts, proportionate to the intended 
velocities of the two wheels ; draw a Une, d e, cutting the line of 
centres at c, making with it an angle, deviating not more than twenty 
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degreee from a right angle ; draw from the centre a, a circle A, that 
shall have the line d 6 for a tangent ; and draw from the centre 6, a 
circle B, that shall have the other end of the same line for a tangent ; 
the distance between the two circles will be the proper length of the 
teeth, from which, however, a little should be deducted to allow of 
free action. 

These two circles also will be the bases from which the involutes 
are to be respectively generated, for forming the boundaries of teeth 
proper for communicating equable motion from either wheel to the 
other, without possessing any tendency to press the shafts or axles 
outwardly against the bearings, which tendency would exist if the 
angle of the common tangent of the two circles deviated much more 
thaji twenty degrees from a right angle with the line of centres. 

Having provided two involute tracers, each having a templet cor- 
responding respectively with sectors of the two circles^ apply the 
centres (/, fig. 1) upon the centre of one of the circles, place the 
templet on that side of the line of centres where the tangent meets 
its circle, and adjust it, until the tracing-point stands over the inter- 
section of the common tangent and the line of centres ; then, holding 
the templet firmly in its place, and stretching the spring tightly with 
the hand, cause the tracing-pqint to describe a line from circle to 
circle ; this line will be an involute, proper for the boundary of a 
tooth of a wheel having the same radius as the templet by which it 
was generated. 

Proceed in the same manner with the tracer of the other circle, and 
there will be found the outline of a tooth proper for the second wheeL 

Thus will the boundary of one side of a tooth in each circle be 
defined ; and the two involutes will be in contact with each other at 
the line of centres ; the tangent of that contact forming a right an^le 
with the common tangent of the two circles; and consequently 
making an angle of twenty degrees with the line of centres. 

That two teeth so formed would communicate equable motion 
from one wheel to the other, is demonstrated according to the theorem 
(521), and Corollaries (522 and 625). 

Commencing at the roots of these two involutes, where they meet 
the respective circles, divide the circles into the proper numbers of 
teeth ; each division comprehending the width of a tooth and a space 
(denominated the pitch of the teeth); draw, from all the points of 
division, involutes having the same inclination from the radii of the 
circles as the first pair of involutes ; that is to say, if the first pair 
leaned to the right of the radius as viewed from the centre, all the 
involutes must lean to the right, and vice versa : thus will be drawn 
the right or left boundaries of all the teeth. Fig. 3 represents them 
all drawn to the right, forming the left boundary of the teeth. 

It is to be remarked, that when the teeth of both wheels are of the 
same material, they ought, for the sake of equal strength, to be made 
of the same thickness at the base ; but when the teeth of one wheel is 
made of a much stronger material than the teeth of the other, as in 
the case of cast-iron teeth working in wooden ones, the bases of the 
wooden teeth should be much thicker than the bases of the iron ones. 
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If the teeth of botli wheels are to be of eqTial thickness at the base, 
that part of the common tangent lying between the involute, which 
cats the line of centres and the involute next below it, should be bi- 
sected in the middle, and an involute bending to the left be drawn 
through the point of bisection to the base circle of each wheel : the 
second sides of two teeth will thus be drawn, and their roots be so 
nearly equal that a very slight correction only will be necessary ; the 
correction depending on the proportionate diameters of the wheels. 

When the teeth of one wheel are to be thicker than those of the 
other, the part of the common tangent must be unequally bisected, in 
proportion to the required difference. 

The base of one tooth in each wheel being found, the distance 
may be taken in a pair of compasses, and marked off from the base of 
each of the involutes already shown in fig. 3 : ûrom each point thus 
obtained, an involute leaning to the left is to be drawn, and the work 
will appear as in fig. 4. 

Finally, the distance from the centre of the one circle to the cir- 
cumference of the other, is to be taken ; then shortened a little, to 
allow of free play between the tip of the tooth and the bottom of the 
space ; with this diortened distance for radius, mark the end boundaries 
of all the teeth, and the appearance will be similar to fig. 5. 

The sides of the teeth might all be drawn by the involute tracer, 
but the work would be facilitated by forming accurately one pattern- 
tooth for each wheel, at the end of a sector of a circle, turning on the 
centre of the wheel ; such a tooth and sector is represented at fig. 6 ; 
. the notches at the side of the tooth are designed to allow the marking- 
point to come ûreely to the base circle, when the marking-point is held 
obliquely in the haiid. 

Plate 39 represents segments of a pair of wheels of one foot and 
of two feet radius respectively ; thus, twelve times the magnitude of 
(fig. 5, plate 40) ; the teeth, drawn with great accuracy, are of the 
same proportionate figure, and the contact of the teeth will be seen 
to be always in the common tangent. 

E F, the segment of one foot radius. 

G H, the segment of two feet radius. 

ahcdy dotted lines, showing the size of the tooth used in the 
experiments. 

e /, the common tangent, generating all the involutes bending to 
the right. 

gh, the common tangent, generating all the involutes bending 
to the left. 

i h, the line of centres. 

From this plate it is seen how beautifully teeth of this proportionate 
length and figure clear each other in entering into and departing from 
contact, requiring no play in the engagement. 

One important advantage is obvious — namely, that a greater number 
of teeth of equal strength may be given to a wheel by the involute 
than by the epicycloid, because the space must be equid to the tooth 
in the case of the epicycloid, while not much more than half the 
space is required for an involute tooth of this length to enter, and 
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even less than half when the tooth is made a little longer than those 
in plate 39 ; there will be more teeth engaged at the same time, and 
thns the strain will be divided ; the sliding also will be diminished, 
and the rolling of tooth on tooth increased ; nevertheless the sliding 
will exist to a mnch greater degree than is supposed by most writers 
on the subject ; for to arrive at the distance of l^e pitch £rom the line 
of centres in plate 39, the slide is rather more than two-tenths of an 
inch; but it is nearly double that quantity in plate 38 ; the moving 
the distance of the pitch from the line of centres occasioning the 
sliding to be four-tenths of an inch, as before mentioned. 

It will be very useful for the student to practise his eye, by fre- 
quently looking at the two plates, 38 and 39, and to exercise himself 
in drawing both kinds of curves, in various proportions and dimen- 
sions, thereby to acquire facility in judging of the probable durability 
of any wheel- work which he may be called upon to inspect ; for he 
may assure himself, on investigation, that any tooth which is thicker 
at the point, in proportion to the base and length, than those repre- 
sented in plate 38, as formed according to the epicycloid generated by 
a circle of half the diameter of the opposite wheel or pinion, wiU 
have a tendency to excavate a hollow for itself to work in, in the side 
of the opposite tooth within the primitive circle ; and thus the teeth 
will wear one another out in a very short time, compared to the great 
durability they would have if formed accurately by that curve, or by 
the involute shown in plate 39. 

It is the Editor's opinion that teeth accurately formed, either by 
the epicycloid or involute curve, will endure the wear of a century 
with less damage than teeth, as usually made, sujQEer in ten years. 

Before dismissing the involute, it may be well to remark that what 
has been said respecting that curve should be considered as a mere 
sketch, there appearing to be many very interesting points in regard 
to its application, in the formation of the teeth of wheels, which 
require strict investigation and experiment^ 

It is the Editor's intention to pursue the inquiry, and should he 
discover a clear theory and systematic practice in tiie use of the in- 
volute, he shall feel himself bound to give his views to the public in a 
separate treatise. He thinks he perceives a wide field, but he is free 
to confess that his vision is as yet obscure. What he has given on the 
involute is more than was due from him, as editor of Camus, who 
treated only of the epicycloid, but the zeal of a new convert to any 
doctrine is not easily restrained. 

Bbvkl Geeb. 
In forming the teeth of bevel geer, the principles of which are 
clearly laid down by Camus (see 557 to 570, and plates 32 to 35 
inclusive), it will be sufficient for practice îh&t the figure of the 
teeth be drawn on the outer spherical surface of the wheels, E E S, 
fig. 196, 200, and 202 ; and of the pinion A B T, fig. 202; whether 
the curve assumed be the epicycloid, the involute, or any other con- 
figuration; and that the sides of l^e teeth be accurfttely formed, 
according to straight lines, all meeting together in the common 
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point of intersection of the axes of the two shafts carrying the en- 
gaged wheels, or the engaged wheel and pinion; that common point of 
intersection is marked in all the figures from 195 to 204 inclusive. 

Fbxsent Pbaotioe. 

Before stating the present practice in forming the teeth of wheels, 
the Editor takes much pleasure in acknowledging the very polite atten- 
tion he has received from a considerable number of the principal 
manufacturers of machinery, in which toothed wheels are used ; many 
of whom have permitted him to question their foremen, pattern-makers, 
and workmen, and to inspect the means, instruments, and tools used 
by them respectively. 

Among the houses especially entitled to his thanks for liberally 
affording Mm every facility in his inquiries are the following : — 

Messrs. Maudslay and Field, Engineers, London. 

Messrs. Eennie and Co., Engineers, London. 

Messrs. Donkin and Co., Engineers, London. 

Messrs. Bramah and Co., Engineers, London. 

Messrs. Seaward and Co., Engineers, London. 

Mr. Clement, Engineer, London. 

Mr. Topham, Engineer, London. 

Messrs. Sharp, Boberts, and Co., Engineers, Manchester. 

Messrs. Guest, Lewis, and Co., Dowlais Iron Works, Merthyr 
Tydvil. 

Messrs. Troughton and Simms, Mathematical Listrument Makers, 
London. 

Messrs. Dent and Arnold, Chronometer Makers, London. 

Mr. Yulliamy, Chronometer Maker, London. 

Mr. Saxton, Mechanician, London. 

Mr. Fayrer, Philosophical Instrument Maker, London. 

A painful task now presents itself^ which the Editor would gladly 
avoid, if he could do so without a dereliction of duty ; namely, to 
declare that there is a lamentable deficiency of the knowledge of prin- 
ciples, and of correct practice, in a majority of those most respectable 
houses in forming the teeth of their wheel-work. 

Some of the engineers and millwrights said that they followed 
Camus, and formed their teeth from the epicycloid derived from the 
diameter of the opposite wheel ; and that they were induced to do so 
by the recommendation of the editor of Imison's * Elements.' It is 
clear, therefore, thi^ they could not have read Camus with due atten- 
tion, or they could not hisive imagined that they were working on his 
principles, while they were depending only on aie false view given in 
the paper prefixed to Camus, already so much animadverted on. 

One said, "We have no method but the rule of thumb;" another, 
^ We thumb out the figure ; " by both which expressions may be un- 
derstood, that they left their workmen to take their own course. 

Some set one point of a pair of compasses in the centre of a tooth, 
at the primitive circle, and with the other point describe a segment of 

I 
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a circle for the off-side of the next tooth. At 4, 5, plate 38, are two 
dotted arcs of circles from the centres of the next teeth. Others set 
the point of the compasses at different distances from the centre of the 
tooth, nearer or âurtheç off; also within or without the line of centres, 
each according to some inexplicable notion received from his grand- 
father, or picked ap by chance. It is said inexplicable, because no 
tooth bomided at the sides by segments of circles, can work together 
without snch friction as will cause an unnecessary wearing away. 

It is admitted, that with a certain number of teeth of a certain 
proportionate length as compared with the radii, there may be a 
segment of a circle drawn from some centre which would give ** very 
near " a true figure to the tooth ; but ^ very near " ought to be ex- 
punged from the vocabulary of Engineers and Millwrights ; for that 
" very near " will depend on the chance of hitting the right centre 
and right radius, according to the diameter of the wheel and the 
number of teeth ; against which hitting the odds are very great 
indeed. 

Among the Mathematical Instrument Makers, Chronometer, Clock 
and Watch Makers, the answers to the inquiries were, by some, " we 
have no rule but the eye in the formation of the teeth of our wheels ;" 
by others, '^ we draw the tooth correctly on a large scale to assist the 
eye in judging of the figure of the small teeth ;" by another, " in 
Lancashire they make the teeth of watch-wheels of what is called the 
bay-leaf pattern ; they are formed altogether by the eye of the work- 
man ; and they would stare at you for a simpleton to hear you talk 
about the epicydoidal curve." Again, '* the astronomical instrument- 
makers hold the bay-leaf pattern to be too pointed a form for smooth 
action ; they make the end of the tooth more rounding than the figure 
of the bay-leaf." 

It is curious to observe with what accuracy the practised eye will 
determine forms ; it is not generally known, but it is a fact, that the 
dots marking the minutes on the enamelled dial-plates of watches are 
put on by lumd with a camel's-hair pencil, guided only by the eye ; 
they are done with great expedition, and rarely can an error in their 
distances be measured. 

Such being the accuracy of the eye, how important it is that these 
Lancashire bay-leaf fanciers should be furnished with pattern-teeth of 
large dimensions cut accurately in metal, or at least in card-board, 
and that they should frequently study them and compare their work 
with the patterns. These Lancashire workmen are called bay-leaf 
fanciers, because they cannot be bay-leaf copiers, since it is notorious 
that there are not two bay-leaves of the same figure. 

Mr. Saxton of Philadelphia, now in London — ^who is justly cele- 
brated for his excessively acute feeling of the nature and value of 
accuracy in mechanism, and who is reputed not to be excelled by any 
man in Europe or America for exquisite nicety of workmanship — made 
in Philadelphia an instrument for cutting the teeth of watch-wheels 
truly epicydoidal, or rather for curving them after they were cut 
down in the ordinary manner, with radial &ces. The following is his 
verbal despription of this instrument. 



APPENDIX. 101 

The wheel to be rounded being put on a vertical arbor, another 
arbor stands parallel to thé first, carrying, on a third but horizontal 
arbor, a steel wheel file-cnt on the plane side, which plane side lies in 
a vertical plane passing through the axis of its vertical arbor. On the 
arbor of the wheel to be rounded is a circular plate, equal in diameter 
to the primitive circle of that wheel ; the edge of the plate is milled 
into teeth as fine as possible : this plate forms the base of the epi- 
cycloid. On the other vertical arbor is a similar plate, but equal in 
cQameter to the radius of the primitive circle of the wheel to be 
engaged with that about to be rounded : this plate is the generating 
circle. 

In working this instrument, the flat-sided cutter is brought in 
contact with the side of the tooth to be rounded ; the axes of the two 
vertical arbors, the face of the cutter and the line of the tooth all 
lying in one vertical plane, the cutter being set into rapid motion by 
a band, the generating Sircle is rolled around the base, and thus one 
side of the tooth is rounded in a truly epicycloidal curve of the 
required dimensions. 

Upon this plan epicycloidal teeth of any magnitude might be cut 
with great expedition. 

Such an instrument ought to be added to every engineer's stock of 
tools. 

The application of an engine of this kind in forming the teeth of 
chronometer wheels would be of very great importance. And scarce 
any pains that could be bestowed in perfecting the figure of the teeth 
of wheels for measuring time truly would go unrewarded. 

One of our most eminent watch-makers, however, says that the 
prices at which even first-rate watches are sold wiU not warrant the 
care that must be bestowed on them to insure perfect accuracy in 
the figure of the teeth of all the wheels of a watch. 



Conclusion. 

Having given the admirable chain of reasoning of M. Camus entire, 
and unencumbered with notes or references, and followed it by the 
whole of the paper prefixed to the first edition, headed, " Additions to 
Camus," as extracted from Imison's * Elements,' the public are put 
into possession of that which has been loudly called for — ^namely, a 
second edition of * Camus on the Teeth of Wheels.' 

But the widely-extended mischief which those prefixed " additions " 
have inflicted upon the mechanical world, and the apathy with which 
many of the first mechanists in the country have regarded the figure 
of thé teeth of wheels, rendered it expedient that the subject should be 
enlarged upon in a more popular manner, and the errors of that paper, 
and of practice, be clearly exposed. 

The involute, which has heretofore received but slight notice, as 

applicable to the formation of the teeth of wheels, required a fuller 

- exposure ; and, indeed, still requires much greater research ; but the 

public impatience for the appearance of the work would not allow 

time for further investigation, nor would the amount prescribed by 
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the booksellers as the maximimi selling price enable the publisher to 
afEbrd any more space for that inquiry. 

Finally, let the young mechanist aUow an old engineer to give 
him a few parting words of advice derived from long observation and 
experience in wheel-work. Above all things, let him abhor the '^mle 
of thumb ; " and let him always be able to give a reason for his prac- 
tice. Let him not imagine that a thing is right, because such and 
such great houses adopt it, for it often happens that the foreman who 
has the direction in this department has no other qualification than 
that of being a good and carafdl workman, which he may be, and yet 
be totally unacquainted with the principles upon which he ought to 
proceed. He produces, perhaps, a passable result, because it was his 
good luck to copy a passably good practice in his youth. 

Let him, however, who would go to work with an understanding of 
his subject, investigate for himself, and take i^othing upon trust ; but 
let him ascertain for himself the truth of every proposition he admits, 
and not blindly follow the practice, or submit to the judgment of 
others. 



THE END. 
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N. E. Spretson, Engineer. Third edition, with 82 plaUs drawn to 
scale, 412 pp., demy 8vo, cloth, i&r. 

Steam Heating for Buildings ; or, Hints to Steam 

Fitters, being a description of Steam Heating Apparatus for Warming 
and Ventilating Private Houses and Large Buildings, with remarks on 
Steam, Water, and Air in their relation to Heating. By W. J. Baldwin. 
With many illustrations. Fourth edition, crown 8 vo, cloth, icxf. 6d, 
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The Depreciation of Factories and their Valuation. 

By EwiNG Matheson, M. Inst. CE. Svo» doth, 6j. 

A Handbook of Electrical Testing. By H. R. Kempe, 

M.S.T.E. Third edition, revised and enlarged, crown 8vo, cloth, 15J. 

Gas Works : their Arrangement, Construction, Plant, 

and Machinery. By F. Colyer, M. Inst. C.E. H^tA '^i folding plates^ 
8vo, cloth, 24f. 

The Clerk of Works: a Vade-Mecum for all engaged 

in the Superintendence of Building Operations. By G. G. HOSKINS, 
F.R.I.B.A. Third edition, fcap. 8vo, doth, u. 6</. 

American Foundry Practice: Treating of Loam, 

Dry Sand, and Green Sand Moulding, and containing a Practical Treatise 
upon the Management of Cupolas, and the Melting of Iron. By T. D. 
West, Practical Iron Moulder and Foundry Foreman. Second edition, 
with numerous illustrations y crown Svo, cloth, icxr. dd. 

The Maintenance of Macadamised Roads. By T. 

CODRINGTON, M.I.C.E, F.G.S., General Superintendent of County Roads 
for South Wales. 8vo, cloth, 6j. 

Hydraulic Steam and Hand Power Lifting and 

Pressing Machinery, By Frederick Colyer, M. Inst C.E., M. Inst M.E, 
With T>t plates, 8vo, doth, i8j. 

Pumps and Pumping Machinery. By F. Colyer, 

M.I.C.E., M.LM.E. WUh %i folding plates, 8vo,-doth, I2j. 6^. 

The Municipal and Sanitary Engineer s Handbook. 

By H. Percy Boulnois, Mem. Inst C.E., Borough Engineer, Ports- 
mouth. With numerous illustrations, demy 8vo, clo£, I2j. (id. 

Contents : 

The Appointment and Duties of the Town Surveyor— TraflSc — Macadamised Roadways- 
Steam Rolling— Road Metal and Breaking— Pitched Pavements— Asphalte — ^Wood Pavements 
— Footpaths — Kerbs and Gutters — Street Naming and Numbering- Street Lighting — Sewer- 
age—Ventilation of Sewers — Disposal of Sewage — House Drainage — Disinfection — Gas and 
Water CompKanies, &c.. Breaking up Streets — Improvement of Private Streets— Borrowing 
Powers— Artizans* and Labourers' Dwellings — Public Conveniences — Scavenging, including 
Street Cleansing— Watering and the Removing of Snow— Planting Street Trees— Deposit of 



Plans — Dangerous Buildings — Hoardings — Obstructions — Improving Street Lines — Cellar 
Openings — Public Pleasure Grounds — Cemeteries— Mortuaries — Cattle and Ordinarjr Markets 
— rublic Slaughter-houses, etc.— Giving numerous Forms of Notices, Specifications, and 



General Information upon these and other subjects of great importance to Municipal Engi- 
neers and others engaged in Sanitary Work. 
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Tables of the Principal Speeds occurring in Mechanical 

Engineerings expressed in metres in a second. By P. Keerayeff, Chief 
Mechanic of the Obouchoff Steel Works, St. Petersburg ; translated by 
Sergius Kern, M.£. Fcap. 8vo, sewed, dd, 

A Treatise on the Origin, Progress, Prevention, and 

Cure of Dry Kot in Timber; with Remarks on the Means of Preserving 
Wood from Destruction by Sea- Worms, Beetles, Ants, etc. By Thomas 
Allen Brixton, late Surveyor to the Metropolitan Board of Works, 
etc, etc With lo plates, crown 8vo, cloth, 7^. 6d. 

Metrical Tables. By G. L. Molesworth, M.I.C.E, 

32mo, cloth, IS, 6d, 

Contents, 

Genexal — Linear Measures — Square Measures— Cubic Measures-^Measures of Capacity-»* 
Weights— Combinations— Thermometers. 

Elements of Construction for Electro-Magnets. By 

Count Th. Du Moncel, Mem. de l'Institut de France. Translated from 
the French by C. J. Wharton. Crown 8vo, cloth, ^, 6d, 

» 

Electro -Telegraphy. By Frederick S. Beechey, 

Telegraph Engineer. A Book for Beginners. Illustrated. Fcap. 8vo, 
sewcS, 6df. 

Handrailing: by the Square Cut. By John Jones, 

Staircase Builder. Part Second, with eight plates, 8vo, cloth, 3^. 6^. 

Practical Electrical Units Popularly Explained, with 

numerous illustrations and Remarks. By James Swinburne, late of 
J. W. Swan and Co., Paris, late of Brushf Swan Electric Light Company, 
U.S.A. i8mo, doth, is, 6d, 

PhilippReis, Inventor of the Telephone: A Biographical 

Sketch. With Documentary Testimony, Translations of the Original 
Papers of the Inventor, &c. By Silvan us P. Thompson, B. A., Dr. Sc, 
Professor of Experimental Physics in University Collie, Bristol With 
illustraiions, 8vo, doth, *ls, 6d, 

A Treatise on the Use of Belting for the Transmis- 
sion of Power, By J» H. Cooper. Second edition, illiçstrated, 8vo, 
c)oth« 15^. 
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A Pocket-Book of Useful Formulœ and Memoranda 

for Civil and Mechanical Engineers. By Guilford L. Molesworth, 
Mem. Inst. CE., Consulting Engineer to the Government of India for 
State Railways. With numerous illustrations^ 744 pp. Twenty-first 
edition, revised and enlarged, 32mo, roan, 6j. 

Synopsis of Contents: 

Surveying, Levelling, etc.— Strength and Weight of Materials — Earthwork, Brickwork, 
Masonry, Arches, etc. — Struts, Columns, Beams, and Trusses — Flooring, Roofing, and Roof 



Trusses--Girders, Bridges, etc. — Railways and Rjoads^— Hydraulic Formulae — Canals, Sewers, 

Waterworks, Docks—Irri* ' • - • - ,» .. . - . 

Light, Colour, and Sou] 

Wheels, Shafting, etc. — ^Workshop Recipes — Sundry Machinery— Animal Power^Steam and 



Waterworks, Docks — Irrigation and Breakwaters — Gas, Ventilation, and Warming— Heat, 
Light, Colour, and Sound — Gravity: Centres, Forces, and Powers — Millwork, Teeth of 



the Steam Engine — Water-power, Water-wheels, Turbines, etc. — ^Wind and Windmills — 
Steam Navigation, Ship Building, Tonnage, etc. — Gunnery, Projectiles, etc. — Weights, 
Measures, and Money— Trigonometry, Conic Sections, and Curves— Telegraphy— Mensura- 
tion— Tables of Areas and Circumference, and Arcs of Circles — Logarithms, Square and 
Cube Roots, Powers — Reciprocals, etc. — Useful Numbers— Differential and Integral Calcu- 
lus — ^Algebraic Signs— 'Telegraphic Construction and Formulae. 

Spons Tables and Memoranda for Engineers; 

selected and arranged by J. T. Hurst, C.E., Author of 'Architectural 
Surveyors' Handbook,' * Hurst's Tredgold's Carpentry,' etc. Seventh 
edition, 64mo, roan, gilt edges, \s, ; or in cloth case, is, 6d, 

This work is printed in a pearl type, and is so small, measuring only 2i in. by if in. by 
i in. thick, that it may be easdy carried in the waistcoat pocket. 

" It is certainly an extremely rare thing for a reviewer to be called upon to notice a volume 
measuring but si in. by if in., yet these dimensions faithfully represent the size of the handy 
little book before us. The volume — which contains xx8 printed pages, besides a few blank 
pages for memoranda — is, in fact, a true pocket-book, adapted for being carried in the waist- 
coat pocket, and containing a far greater amount and variety of information than most people 
would imagine could be compressed into so small a space. .... The little volume has been 
compiled with considerable care and judgment, and we can cordially recommend it to our 
readers as a useful little pocket companion." — Engineering^, 

A Practical Treatise on Natural and Artificial 

Concrete^ its Varieties and Constructive Adaptations, By Henry Reid, 
Author of the ' Science and Art of the Manufacture of Portland Cement.' 
New Edition, with 59 woodcuts and ^ plates^ 8vo, cloth, \^s. 

Hydrodynamics-: Treatise relative to the Testing of 

Water- Wheels and Machinery, with various other matters pertaining to 
Hydrodynamics. By James Emerson. With numerous illustrations ^ 
360 pp. Third edition, crown 8vo, cloth, 4^. 6d, 

Electricity as a Motive Power. By Count Th. Du 

MoNCEL, Membre de l'Institut de France, and Frank Geraldy, Ingé- 
nieur des Ponts et Chaussées. Translated and Edited, with Additions, by 
C. J. Wharton, Assoc Soc TeL Eng. and Elec. With 113 engravings 
and diagrams^ crown 8vo, cloth. Is, 6d, 

Hints on Architectural Draughtsmanship. By G. W, 

TuxFORD Hallatt. Fcap, 8vo, cloth, is, 6d, 
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Treatise an Valve-Gears^ with special consideration 

of the Link-Motions of LocomotiTe Engines. By Dr. Gustav Zeuner, 
Professor of Applied Mechanics at the Confederated Polytechnikom of 
Zurich* Translated from the Fourth German Edition, by Professor J. F. 
Klein, Lehigh University, Bethlehem, Pa. Illustrated^ 8to, cloth, 12/. (id. 

The French' Polisket^ s Manual. By a French- 

Polisher; contaimng Timber Staining, Washing, Matching, Improving, 
Painting, Imitations, Directions for Staining, Sinng, Embodying, 
Smoothing, Spirit Varnishing, French-Polishing, Directions for Re- 
polishing. Third edition, royal 32mo, sewed, 6d. 

Hops, their Cultivation, Commerce, and Uses in 

various Countries, By P. L. Simmonds. Crown 8yo, doth, 4r. 6</. 

A Practical Treatise on the Manufacture and Distri- 
bution of Coal Gas, By William Richards. Demy 4to, with numerous 
wood engravings and 2^ plates, cloth, 2&s, 

Synopsis of Contents : 

of Gas Manufitcture, by Lewis 



Introduction— History of Gas Lighting— ChemisI , _ 

Thompson, Esq., M.R.C.S.— Coal, with Analyses, by J. Paterson, Lewis Thompson, and 
G. R. Hislop, Èsqrs.— Retorts, Iron and Clay^Retort Settmj[— Hydiaulic Main— Con- 
densers— Exnau8ters—Wa.'hers and Scrubbers— Purifiers— Purification — History of Gas 
Holder— Tanks, Brick and Stone, Composite, Concrete, Cast-iron, Compound Annular 
. . ^ ., . ^ "olders— S • -- " .... 

»r the Disti 

tors-^Bun 

nposition < 

,_„ _ _ ^heric Pre! 

Products— Appendix — Description of Retort Settings, Buildings, etc., etc. 



Wrought-iron — Specifications — Gas Holders — Station Meter — Governor — Distribution- 
Mains— Gas Mathematics, or Formulae for the Distribution of Gas, by Lewis Thompson, Es<^.— 
Services — Consumers' Meters— Regulators— Burners— Fittings — ^Photometer— Carburization 
of Gas— Air Gas and Water Gas—Composition of Coal Gas, by Lewis Thompson, Esq.^ 
Analyses of Gas — Influence of Atmospheric Pressure and Temperature on Gas— Residual 



Practical Geometry^ Perspective^ and Engineering 

Drawing; a Course of Descriptive Geometry adapted to the Require- 
ments of the Engineering Draughtsman, including the determination of 
cast shadows and Isometric Projection, each chapter being followed by 
numerous examples ; to which are added rules for Shading, Shade-lining, 
etc., together with practical instructions as to the Lining, Colouring, 
Printing, and general treatment of Engineering Drawings, with a chapter 
on drawing Instruments. By George S. Cla&kb, Capt R.E. Second 
edition, with 21 plates, 2 vols., cloth, lor. 6d, 

The Elements of Graphic Statics. By Professor 

Karl Von Ott, translated from the German by G. S. Clarke, Capt. 
R.E., Instructor in Mechanical Drawing, Royal Indian Engineering 
College. With 93 illustrations, crown 8vo, doth, Ss, 

The Principles of Graphic Statics, By George 

Sydenham Clarke, Capt Royal Engineers. With 112 illustrations, 
4to, doth, I2s, 6d, 

Dynamo-Electric Machinery : A Manual for Students 

of Electro-technics. By Silvanus P. Thompson, B. A., D.Sc, Professor 
of Experimental Physics in University College, Bristol, etc, etc. Second 
edition, illustra ted, 8vo, cloth, 12s, 6d. 
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The New Formula for Mean Velocity of Discharge 

of Rivers and Canals. By W. R. Kutter. Translated from articles in 
the * Cultur-Ingenieur,* by Lowis D'A. Jackson, Assoc Inst. C.E. 
8vo, cloth, \2s, dd. 

Practical Hydraulics ; a Series of Rules and Tables 

for the use of Engineers, etc., etc. By Thomas Box. Fifth edition, 
numerous plates^ post 8vo, cloth, 5*. 

A Practical Treatise on the Construction of Hori- 
zontal and Vertical Waterwheels^ specially designed for the use of opera-, 
tive mechanics. By William Cullen, Millwright and Engineer. With 
II plaies. Second edition, revised and enlarged, small 4to, cloth, I2j. (yd. 

Tin: Describing the Chief Methods of Mining, 

Dressing and Smelting it abroad ; with Notes upon Arsenic, Bismuth and 
Wolfram. By Arthur G. Charleton, Mem. American Inst, of 
Mining Engineers. With plates^ 8vo, doth, I2s, 6d, 

Perspective^ Explained and Illustrated. By G. S. 

Clarke, Capt. R.E. With illustrations^ 8vo, cloth, y, 6d, 

The Essential Elements of Practical Mechanics; 

based on the, Principle of Work^ designed for Engineering Students. By 
Oliver Byrne, formerly Professor of Mathematics, College for Civfl 
Engineers. Third edition, with 148 wood engraznngs, post 8vo, cloth, 

^s, éd. 

Contents : 

Chap. I. How Work is Measured by a Unit, both with and without reference to a Unit 
of Time — Chap. 2. The Work of Living Agents, the Influence of Friction, and introduces 
one of the most beautiful Laws of Motion— Chap. i. The principles expounded in the first and 
second chapters are applied to the Motion of Bodies — Chap. 4. The Transmission of Work by 
simple Machines— Chap. 5. Useful Propositions and Rules. 

The Practical Millwright and Engineers Ready 

Reckoner; or Tables for finding the diameter and power of cog-wheels» 
diameter, weight, and power of shafts, diameter and strength of bolts, etc 
By Thomas Dixon. Fourth edition, i2mo, cloth, y. 

Breweries and Mattings : their Arrangement, Con- 
struction, Machinery, and Plant. By G. Scamell, F.R.I.B.A. Second 
edition, revised, enlarged, and partly rewritten. By F. CoLYER, M.I.C.E., 
M.I.M.E. With 20plates, 8vo, cloth, iSs, 

A Practical Treatise on the Manufacture of Starchy 

Glucose^ Starch-Sugar^ and Dextrine^ based on the German of L. Von 
Wagner, Professor in the Royal Technical School, Buda Pesth, and 
other authorities. By Julius F&ankel ; edited by Robert Hutter, 
proprietor of the Philadelphia Starch Works. With 58 illustrations^ 
344 PP>) Sv^i cloth, i8f. 
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A Practical Treatise on Mill-gearingy Wheels, Shafts^ 

Riggers^ ^'\ for the use of Engineers. By Thomas Box. Third 
edition, with 1 1 plates. Crown 8vo, cloth, 7j. td. 

Mining Machinery: a Descriptive Treatise on the 

Machinery, Tools, and other Appliances used in Mining. By G. G. 
Andrb, F.G.S., Assoc. Inst. CE., Mem. of the Society of Engineers. 
Royal 4to, uniform with the Author's Treatise on Coal Mining, con- 
taining 182 plates^ accurately drawn to scale, with descriptive text, in 
2 vols., cloth, 3/. I2J. 

Contents : 

Machinery for Prospecting, Excavating, Hauling, and Hoisting— Ventilation — Pumping— 
Treatment of Mineral Products, including Gold and Silver, Copper, Tin, and Lead, Iron 
Coal, Sulphur, China Clay, Brick Earth, etc. 

Tables for Setting out Curves for Railways, Canals, 

Hoods, etc, varying from a radius of five chains to three miles. By A. 
Kennedy and R. W. Hackwood. Illtistrated, 32mo, cloth, 2s. 6d. 

The Science and Art of the Manufacture of Portland 

Cement, with observations on some of its constructive applications. With 
66 illustrations. By Henry Reid, C.E., Author of *A Practical 
Treatise on Concrete,* etc., etc Svo, cloth, i8j. 

The Draughtsman's Handbook of Plan and Map 

Drawing; including instructions for the preparation of Engineering, 
Architectural, and Mechanical Drawings. With numérotés illustrations 
in the text, and 33 plates (15 printed in colours). By G. G. André, 
F.G.S., Assoc. Inst. CE. 4to, cloth, 9X. 

Contents : 

The Drawing Office and its Furnishings— Geometrical Problems— Lines, Dots, and their 
Combinations — Colours, Shading, Lettering, Bordering, and North Points — Scales — Plotting 
—Civil Engineers' and Surveyors' Plans — Map Drawing^Mechanical and ArchitecturiJ 
Drawing— Copying and Reducing Trigonometri<^ Formulae, etc., etc 

The Boiler-makers andiron Ship-builders Companion, 

comprising a series of original and carefully calculated tables, of the 
utmost utility to persons interested in the iron trades. By James Foden, 
author of * Mechanical Tables,* etc. Second edition revised, with illustra" 
tions, crown 8vo, cloth, 5x. 

Rock Blasting: a Practical Treatise on the means 

employed in Blasting Rocks for Industrial Purposes. By G. G. Andr^, 
F.G.S., Assoc. Inst CE. With 56 illustrations and \2 plates, 8vo, cloth, 
lOf. dd. 

Painting and Painter i Manual: a Book of Facts 

for Painters and those who Use or Deal in Paint Materials. By C. L. 
CONDIT and J. SCHELLER. Illustrated, 8vo, cloth, lOJ. 6^. 
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A Treatise on Ropemaking as practised in public and 

private Rope-yards, with a Description of the Manufacture, Rules, Tables 
of Weights, etc., adapted to the Trade, Shipping, Mining, Railways, 
Builders, etc. By R. Chapman, formerly foreman to Messrs. Huddart 
and Co., Limehouse, and late Master Ropemaker to H.M. Dockyard, 
Deptford. Second edition, i2mo, cloth, 3/. 

Laxtofis Builders and Contractors' Tables ; for the 

«se of Engineers, Architects, Surveyors, Builders, Land Agents, and 
others. Bricklayer, containing 22 tables, with nearly 30,000 calculations. 
4to, c^th, 5^. 

Laxtofis Builders' and Contractors' Tables. Ex- 
cavator, Earth, Land, Water, and Gas, containing 53 tables, with nearly 
24,000 calculations. 4to, cloth, 5^. 

Sanitary Engineering: a Guide to the Construction 

of Works of Sewerage and House Drainage, with Tables for facilitating 
the calculations of the Engineer. By Baldwin Latham, C.E., M. Inst 
CE., F.G.S., F.M.S., Past-President of the Society of Engineers. Second 
edition, with numerous plates and utoodcuts^ Svo, cloth, i/. lOf. 

Screw Cutting Tables for Engineers and Machinists, 

flving the values of the different trains of Wheels required to produce 
crews of any pitch, calculated by Lord Lindsay, M.P., F.R.S., F.R.A.S., 
etc. Cloth, oblong, 2J. 

Screw Cutting Tables, for the use of Mechanical 

Engineers, showing the proper arrangement of Wheels for cutting the 
Threads of Screws of any required pitch, with a Table for making the 
Universal Gas-pipe Threads and Taps. By W. A. Martin, Engineer. 
Second edition, oblong, cloth, u., or sewed, 6d, 

A Treatise on a Practical Method of Designing Slide- 

Valve Gears by Simple Geometrical Construction, based upon the principles 
enunciated in Euclid's Elements, and comprising the various forms of 
Plain Slide- Valve and Expansion Gearing ; together with Stephenson's, 
Gooch's, and Allan's Link-Motions, as applied either to reversing or to 
variable expansion combinations. By Edward J. Cowling Welch, 
Memb. Inst. Mechanical Engineers. Crown 8vo, cloth, dr. 

Cleaning and Scouring : a Manual for Dyers, Laun- 
dresses, and for Domestic Use. By S. Christopher, i8mo, sewed, 6</. 

A Handbook of House Sanitation ; for the use of all 

persons seeking a Healthy Home. A reprint of those portions of Mr. 
Bailey-Denton's Lectures on Sanitary Engineering, given before the 
School of Military Engineering, which related to the "Dwelling," 
enlarged and revised by his Son, E. F. Bailey-Denton, C.E., B.A. 
With 140 illustrations^ 8vo, cloth, 8j. dd 
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A Glossary of Terms used in Coal Mining. By 

William Stukeley Gresley, Assoc Mem. Inst C.E., F.G.S., Member 
of the North of England Institute of Mining Engineers. JUusiraied with 
numerous woodcuts and diagrams^ crown 8to, cloth, y . 

A Pocket-Book for Boiler Makers and Steam Users, 

comprising a variety of useful information for Employer and Workman, 
Government Inspectors, Board of Trade Surveyors, Engineers in charge 
of Works and Slips, Foremen of Manufactories, and the general Steam- 
using Public. By Maurice John Sexton. Second edition, royal 
32mo, roan, gilt edges, 5x. 

Electrolysis: a Practical Treatise on Nickeling, 

Coppering, Gilding, Silvering, the Refining of Metals, and the treatment 
of Ores by means of Electricity. By Hipk>lyte Fontaine, translated 
from the French by J. A. Berly, C.E., Assoc. S.T.E. With engravings. 
8vo, cloth, 9f. 

A Practical Treatise on the Steam Engine, con- 
taining Plans and Arrangements of Details for Fixed Steam Engines, 
with Essays on the Principles involved in Design and Construction. By 
Arthur Rigg, Engineer, Member of the Society of Engineers and of 
the Royal Institution of Great Britain. Demy 4to, copiously illustrated 
with woodcuts and^6platesy in one Volume, hajf-bound morocco, 2/. 2j.; 
or cheaper edition, cloth, 25/. 

This work Is not, in any sense, an elementary treatise, or history of the steam engine, but 
is intended to describe examples of Fixed Steam En^'nes without entering into the wide 
domain of locomotive or marine practice. To this end illustrations will be given of the most 
recent arrangements of Horizontal, Vertical, Beam, Pumping, Winding, Portable, Semi- 
portable, Corliss, Allen, Compound, and other similar Engines, by the most eminent Firms in 
Great Britain and America. ^ The laws relating to the action and precautions to be observed 
in the construction of the various details, such as Cylinders, Pistons, Piston-rods, Connecting- 
rods, Cross-heads, Motion-blocks, Eccentrics, Simple, Expansion, Balanced, and Equilibrium 
Slide-valves, and Valve-gearing will be minutely dealt with. In this connection will be found 
articles upon the Velocity of Reciprocating Parts and the Mode of Apiplying the Indicator, 
Heat and Expansion of Steam Governors, and the like. It is the writer's desire to draw 
illustrations from every possible source, and give only those rules that present practice deems 
correct. 

Barlows Tables of Squares, Cubes, Square Roots, 

Cube Roots, Reciprocals of all Integer Numbers up to 10,000. Post 8vo, 
dolh, 6j. 

Camus (M.) Treatise on the Teeth of Wheels, demon- 
strating the best forms which can be given to them for the purposes of 
Machinery, such as Mill-work and Clock-work, and the art of finding 
their numbers. Translated from the French, with detsdls of the present 
practice of Millwrights, Engine Makers, and other Machinists, by 
ISAAC Hawkins. Third edition, with iS plates, 8vo, cloth, 5^. 
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A Practical Treatise on tJte Science of Land and 

Engineering Surveyings Levelling^ Estimating Quantities^ etc,y with a 
general description of the several Instruments required for Surveying, 
Levelling, Plotting, etc By H. S. Merrett. Fourth edition, revised 
by G. W. UsiLL, Assoc. Mem. Inst. CE. 41 platesy with illustrations 
and tables^ royal 8vo, cloth, I2J. td. 

Principal Contents: 

Part I. Introduction and the Principles of Geometry. Part a. Land Surveying ; com- 
prising General Observations— The Chain— Offsets Surveying by the Chain only— Surveying 
Hilly Ground — To Survey an Estate or Parish by the Chain only— Surveying with the 
Theodolite — Mining and Town Surveying — Railroad Surveying— Mapping— Division and 
Laying out of Land — Observations on Enclosures— Plane Trigonometry. Part 3. Levelling— 
Simple and Compound Levelling— The Level Book — Parliamentary Plan and Section—» 
Levelling with a Theodolite— Gradients— Wooden Curves— To Lay out a Railway Curve- 
Setting out Widths. Part 4. Calculating Quantities generally for Estimates— Cuttings and 
Embankments— Tunnels— Bridcwork — Ironwork — ^Timber Measuring. Part 5. Description 
and Use of Instruments in Surveying and Plotting — The Improved Dumpy Level — ^Troughton's 
Level— The Prismatic Compass — Proportional Compass— Box Sextant— Vernier — Panta- 
graph— Merrett's Improved Quadrant — Improved Computation Scale— The Diagonal Scale- 
Straight Edge and Sector. Part 6. Logarithms of Numbers— Logarithmic Sines and 
Co-Sines, Tangents and Co-Tangent»— Natural Sines and Co-Sines— Tables for Earthwork, 
for Setting out Curves, and for various Calculations, etc., etc., etc 

Saws : the History ^ Development, Action, Classifica- 

tion, and Comparison of Saws of all kinds* By ROBERT Grimshaw. 
With 220 illustrations, 410, cloth, \zs, 6d, 

A Supplement to the above; containing additional 

practical matter, more especially relating to the forms of Saw Teeth for 
special material and conditions, and to the behaviour of Saws under 
particular conditions. With 120 illustrations ^ cloth, 9X. 

A Guide for the Electric Testing of Telegraph Cables. 

By Capt. V. Hoskiœr, Royal Danish Engineers. With illustrations, 
second edition, crown 8vo, cloth, 4f. 6</. 

Laying and Repairing Electric Telegraph Cables. By 

Capt V. H0SKIŒR, Royal Danish Engineers. Crown 8vo, cloth, 

A Pocket-Book of Practical Rules for the Proportions 

of Modern Engines and Boilers for Land and Marine purposes. By N. P. 
Burgh. Seventh edition, royal 32mo, roan, 4r. 6^. 

The Assayers Manual: an Abridged Treatise on 

the Docimastic Examination of Ores and Furnace and other Artificial 
Products. , By Bruno Kerl. Translated by W. T. Brannt. With 65 
illustrations^ 8vo, cloth, \2s, 6(L 

The Steam Engine considered as a Heat Engine : a 

Treatise on the Theory of the Steam Engine, illustrated by Diagrams, 
Tables, and Examples from Practice. By Jas. H. Cotterill, M.A., 
F.R.S., Professor of Applied Mechanics in the Royal Naval College. 
8vo, cloth, Î2S, 6d, 
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Electricity: its Theory, Sources, and Applications. 

By J. T. Spragus, M.S.T.K Second edition, revised and enlarged, with 
numerous illustrations^ crown 8yo, dotb, ly. 

The Practice of Hand Turning in Wood, Ivory y Shell, 

etc,, with Instructions for Turning such Work in Metal as may be required 
in the Practice of Turning in Wood, Ivory, etc. ; also an Appendix on 
Ornamental Turning. (A book for beginners.) By Francis Campin. 
Third edition, with wood engravings, crown 8vo, cloth, 6j. 
Contents : 

On Lathes— Turning Tools— Turning Wood — DriIIing«-;-Screw Cutting— Miscellaneous 
Apparatus and Processes— Turning Particular Forms — Staming— Polishing— Spinning Metals 
— Materials— Ornamental Turning, etc. 

Health and Comfort in House Building, or Ventila- 
tion with Warm Air by Self' Acting Suction Power, with Review of the 
mode of Calculating the Draught in Hot- Air Flues, and with some actual 
Experiments. By J. Drysdale, M.D., and J. W. Hayward, M.D. 
Second edition, with Supplement, with plaies, demy 8vo, cloth, *js, 6d, 

Treatise on Watchwork, Past and Present. By the 

Rev. H. L. Nelthropp, M.A., F.S.A. With 32 Uk^trations, crown 
8vo, cloth, dr. td. 

Contents : 

Definitions of Words and Terms used in Watchwork— Tools— Time — Historical Sum- 
mary—On Calculations of the Numbers for Wheels and Hnions ; their Proportional Sizes, 
Trains, etc.— Of Dial Wheels, or Motion Work— Length of Time of Going without Winding 
up— The Vcjxe— The Horizontal— ^The Duplex — The Lever— The Chronometer— Repeating 
Watches— Keyless Watches^— The Pendulum, or Spiral Spring— Compensation— Jewelling of 
Pivot Holes— Clerkenwell-Fallacies <^ the Trade— Incapacity of Workmen— How to Choose 
and Use a Watch, etc. 

Notes in Mechanical Engineering. Compiled prin- 
cipally for the use of the Students attending the Classes on this subject at 
the City of London College. By Henry Adams, Mem. Inst. M.E., 
Mem. Inst C.E., Mem. Soc of Engineers. Crown 8vo, cloth, 2x. dd. 

Algebra Self-Taught. By W. P. Higgs, M.A., 

D.Sc, LL.D., Assoc. Inst CE., Author of * A Handbook of the Differ- 
ential Calculus,' etc. Second edition, crown 8vo, cloth, 2J. td. 

Contents : 

Symbols and the Signs of Operation— The Equation and the UnknoMm Quantity 

jsitive and Negative Quantities— Multiplicatiun— Involution— Exponents — Negative Ex^ 

nents — Roots, and the Use of Elxponents as Logarithms — Logarithms — ^Tables of Logarithms 



Positive and Negative Quantities— Multiplicatiun — Involution — Exponents — Negative Expo- 
nents — Roots, and the Use of Elxponents as Logarithms — Logarithms — ^Tables of Logarithms 
and Proportionate Parts — Transformation of System of Logarithms — Common Uses of 



Common Logarithms — Compound Multiplication and the Binomial Theorem — Division, 
Fractions, and Ratio— Continued Proportion— The Series and the Summation of the Series- 
Limit of Series— Square and Cube Roots — Equations — List of Formulae, etc. 

Spons^ Dictionary of Engineering, Civil, Mechanical, 

Military, and Naval; with technical terms in French, German, Italian, 
and Spanish, 3100 pp., and nearly 8000 engravings, in super-royal 8vo, 
in 8 divisions, 5/. 8j. Coirplete in 3 vols., cloth, 5/. 5^. Bound in a 
superior manner, half-morocco, top edge gilt, 3 vols., 6/. I2j. 
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Canoe and Boat Building: a complete Manual for 

Amateurs, containing plain and comprehensive directions for the con- 
struction of Canoes, Rowing and Sailing Boats, and Hunting Craft. 
By W. P. Stephens. With numerous illustrations and 24 plates of 
Working Drawings, Crown 8vo, cloth, 7j. ôdT. 

Cultural Industries for Queensland: Papers on the 

cultivation of useful Plants suited to the climate of Queensland, their 
value as Food, in the Arts, and in Medicine, and methods of obtaining 
their products. By L. A. Bernays, F.L.S., F.R.G.S. 8vo, half calf, 
7/. td. The same, in cloth, dr. 

Proceedings of the National Conference of Electricians, 

Philadelphia^ October 8th to 13th, 1884. i8mo, cloth, y. 

Dynamo - Electricity, îts Generation, Application, 

Transmission, Storage, and Measurement. By G. B. Prescott. With 
545 illustrations. 8vo, cloth, i/. w. 

Domestic Electricity for Amateurs. Translated from 

the French of E. Hospitalier, Editor of ** U Electricien," by C. J. 
Wharton, Assoc. Soc. TeL Eng. Numerous illustrations. Demy 8vo, 
cloth, 9f. 

Contents : 
z. Production of the Electric Current— a. Electric Bells— 3. Automatic Alarms — 4. Domestic 
Telephones— 5. Electric Clocks — 6. Electric Lighters— 7. Domestic Electric Lighting— 
8. Domestic Application of the Electric Light— 9. Electnc Motors— xo. Electrical Locomo- 
tion— zz. Electrotyping, Plating, and Gilding— za. Electric Recreations— Z3. Various appli- 
cations—Workshop of the Electrician. 

Wrinkles in Electric Lighting. By Vincent Stephen. 

With illustrations, i8mo, cloth, 2s, 6d, 

Contents : 
X. The Electric Current and its production by Chemical means— a. Production of Electric 
Currents by Mechanical means-^. Dynamo-Electric Machines— 4. Electric Lamps— 
5. Lead— 6. Ship Lighting. ' 

The Practical Flax Spinner ; being a Description of 

the Growth, Manipulation, and Spinning of Flax and Tow. By Leslie 
C. Marshall, of Belfast. With illustrations. 8vo, cloth, 15/. 

Foundations and Foundation Walls for all classes of 

Buildings^ Pile Driving, Building Stones and Bricks, Pier and Wsdl 
construction. Mortars, Limes, Cements, Concretes, Stuccos, &c. 64 illus* 
trations. By G. T. Powell and F. Bauman. 8vo, cloth, lor. 6d. 

The British Jugernath. Free Trade! Fair Trade ! ! 

Reciprocity 11! and Retaliation 111! By G. L. M. 8vo, sewed, td. 



i6 CATALOGUE OF SCIENTIFIC BOOKS 



Manual for Gas Engineering Students. By D. Lee. 

l8mo, cloth is. 

Hydraulic Machinery y Past and Present. A Lecture 

delivered to the Londou and Suburban Railway Officials' Association. 
By H. Adams, Mem. Inst C.K Folding ptate. 8vo, sewed, is. 

Twenty Years with the Indicator. By Thomas Pray, 

Jun., CE., M.E., Member of the American Society of Civil Engineers. 
2 vols., royal 8vo, cloth, \2s, 6d. 

Annual Statistical Report of the Secretary to the 

Members of the Iron and Steel Association on the Home and Foreign Iron 
and Steel Industries in 18S4. Issued March 1885. 8vo, sewed, 5^. 

Bad Drains^ and How to Test them ; with Notes on 

the Ventilation of Sewers, Drains, and Sanitary Fittings, and the Origin 
and Transmission of Zymotic Disease. By R. Harris Reeves. Crown 
8vo, cloth, y. 6d. 

Standard Practical Plumbing; being a complete 

Encyclopaedia for Practical Plumbers and Guide for Architects, Builders, 
Gas Fitters, Hot-water Fitters, Ironmongers, Lead Burners, Sanitary 
Engineers, Zinc Workers, &c. Illustrated by over 2100Q engratrings. By 
P. J. Davies. Vol. I, royal 8vo, cloth, *js. 6d. 

Pneumatic Transmission of Messages and Parcels 

between Paris and London, via Calais and Dover. By J. B. Berlier, 
CE. Small folio, sewed, 6</. 

List of Tests {Reagents), arranged in alphabetical 

order, according to the names of the originators. Designed especially 
for the convenient reference of Chemists, Pharmacists, and Scientists. 
By Hans M. Wilder. Crown 8vo, cloth, 4f. 6</. 

Ten Years' Experience in Works of Intermittent 

Downward Filtration. By J. Bailey Denton, Mem. Inst. C.E. 
Second edition, with additions. Royal 8vo, sewed, 4r. 

A Treatise on the Manufacture of Soap and Candles y 

Lubricants and Glycerin. By W. Lant Carpenter, B.A., B.Sc (late 
of Messrs. C. Thomas and Brothers, Bristol). IVithJllustrations. Crown 
8vo, cloth, los. 6d. 
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The Stability of Ships explained simply y and calculated 

by a new Graphic method. By J. C. Spence, M.I.N.A. 4to, sewed, 

Steam Makings or Boiler Practice. By Charles A. 

Smith, C.E. 8vo, cloth, ^x. 

CONTBN I s : 

I. The Nature of Heat and the Properties of Steam— 2. Combustion.— 3. Externally Fired 
Stationary Boilers—^ Internally Fired Stationary Boilers — 5. Internally Fired Portable 
Locomotive and Marine Boilers--6. Design, Construction, and Strength of Boilers— 7. Pro- 
portions of Heating Surface, Economic Evaporation, Explosions— 8. Miscellaneous -Boilers, 
Choice of Boiler Fittings and Appurtenances. 

The Fireman s Guide ; a Handbook on the Care of 

Boilers. By Teknolog, fdreningen T. I. Stockholm. Translated from 
the third edition, and revised by Karl P. Dahlstrom, M.E. Second 
edition. Fcap. 8vo, cloth, 2^-. 

A Treatise on Modem Steam Engines and B oilers ^ 

including Land Locomotive, and Marine Engines and Boilers, for the 
use of Students. By Frederick Colyer, M. Inst. C.E., Mem. Inst M.E. 
With 21^ plates. 4to, cloth. {Nearly ready,) 

Contents : 
z. Introduction — a. Original Engines — 3. Boilersp— 4. Hi^h-Pressure Beam Engines — 5. 
Cornish Beam Engines — 6. Horizontal Engines — 7. Oscillatmg Engines — 8. Vertical High- 
Pressure Engines— 9. Special Engines— xo. Portable Engines— xi. Locomotive Engines — 
za. Marine Engines. 

Steam Engifte Management; a Treatise on the 

Working and Msuiagement of Steam Boilers. By F. COLYER, M. Inst. 
C.E., Mem. Inst. M.E. i8mo, cloth, ir. 

Land Surveying on the Meridian and Perpendicular 

System. By William Penman, C.E. 8vo, cloth, %s 6d. 

The Topographer, his Instruments and Methods, 

designed for the use of Students, Amateur Photographers, Surveyors, 
Engineefs, and all persons interested in the location and construction of 
works based upon Topography. Illustrated with numerous plates, maps, 
and engravings. By LEWIS M. Haupt, A.M. 8vo, cloth, i&f. 

A Text-Book of Tanning, embracing the Preparation 

of all kmds of Leather. By Harry R. Proctor, F.C.S., of Low Lights 
Tanneries. Wtth illustrations. Crown 8vo, cloth, icxr. 6d. 



In super-royal 8vo, 1168 pp., wiik 1400 illuttruHofu, in 3 Divisions, doth, price 131. 6</. 
each ; or 1 vol., doth, a/. ; or half-morocco, a/. Zt. 

A SUPPLEMENT 

TO 

SPONS' DICTIONARY OF ENGINEERING. 

Edited by ERNEST SPON, Memb. Soc. Engineers. 



Abacus, Counters, Speed 
Indicators, and Slide 
Rule. 

Agricultural Implements 
and Machinery. 

Air Compressors. 

Animal Charcoal Ma- 
chinery. 

Antimony. 

Axles and Axle-boxes. 

Bam Machinery. 

Belts and Belting. 

Blasting. Boilers. 

Brakes. 

Brick Machinery. 

Bridges. 

Cages for Mines. 

Calculus, Differential and 
IntegraL 

Canals. 

Carpentry. 

Cast Iron. 

Cement, Concrete, 
Limes, and Mortar. 

Chimney Shafts. 

Coal* Cleansing and 
Washing. 



Coal Mining. 

Coal Cutting Machines. 

Coke Ovens. Copper. 

Docks. Drainage. 

Dredging Machinery. 

Dynamo - Electric and 
Magneto-Electric Ma- 
chines. 

Dynamometers. 

Electrical Engineering, 
Telegraphy, Electric 
Lighting and its prac- 
ticaldetailSjTelephones 

Engines, Varieties of. 

Explosives. Fans. 

Founding, Moulding and 
the practical work of 
the Foundry. 

Gas, Manufacture of. 

Hammers, Steam and 
other Power. 

Heat Horse Power. 

Hydraulics. 

Hydro-geology. 

Indicators. Iron. 

Lifts, Hoists, and Eleva- 
tors. 



Lighthouses, Buoys, and 
Beacons. 

Machine Tools. 

Materials of Construc- 
tion. 

Meters. 

Ores, Machinery and 
Processes employed to 
Dress. 

Piers. 

Pile Driving. 

Pneumatic Transmis- 
sion. 

Pumps. 

Pyrometers. 

Road Locomotives. 

Rock Drills. 

Rolling Stock. 

Sanitary Engineering. 

Shafting. 

Steel. 

Steam Navvy. 

Stone Machinery. 

Tramways. 

Well Sinking. 



London: E. & F. N. SPON, 125, Strand. 

New York : 35, Murray Street. 



NOAV COMPLETE. 

WùA nearly 1500 illustrations, in super-roysd 8vo, in 5 Divisions, cloth. 
Divisions i to 4, ly, 6d, each ; Division 5, 17^. 6d.;or2 vols., doth, £3 los, 

SPONS' ENCYCLOPAEDIA 

OP THE 

INDUSTRIAL ARTS, MANUFACTURES, AND COMMERCIAL 
PRODUCTS. 

Edited by C. G. WARNFORD LOCK, F.L,S. 

Among the more important of the subjects treated of, are the 
following :— 



Acids, 207 pp. 220 figs. 
Alcohol, 23 pp. 16 figs. 
Alcoholic Liquors, 13 pp. 
Alkalies, S9 pp. 78 figs. 
Alloys. Alum. 

Asphalt. Assaying. 
Beverages, 89 pp. 29 figs. 
Blacks. 

Bleaching Powder, 15 pp. 
Bleaching, 51 pp. 48 figs. 
Candles, 18 pp. 9 figs. 
Carbon Bisulphide. 
Celluloid, 9 pp. 
Cements. Clay. 
Coal-tar Products, 44 pp. 

14 figs. 
Cocoa, 8 pp. 
Cofiee, 32 pp. 13 figs. 
Cork, 8 pp. 17 figs. 
Cotton Manufactures, 62 

pp. 57 figs. 
Dru|:s, 38 pp. 
Dyemg and Calico 

Printing, 28 pp. 9 figs. 
Dyestuffs, 16 pp. 
Electro-Metallurgy, 13 

pp. 
Explosives, 22 pp. 33 figs. 
Feathers. 
Fibrous Substances, 92 

pp. 79 figs. 
Floor-cloth, 16 pp. 21 

figs. 
Food Preservation, 8 pp. 
Fruit, 8 pp. 



Fur, 5 pp. 

Gas, Coal, 8 pp. 

Gems. 

Glass, 45 pp. 77 figs. 

Graphite, 7 pp. 

Hair, 7 pp. 

Hair Manufactures. 

Hats, 26 pp. 26 figs. 

Honey. Hops. 

Horn, 

Ice, 10 pp. 14 figs. 

Indiarubber Manufac- 
tures, 23 pp. 17 figs. 

Ink, 17 pp. 

Ivory. 

Jute Manufactures, 1 1 
pp., n fi| 

Knitted^ 

Hosiery, 15 pp. 13 figs. 

Lace, 13 pp. 9 figs. 

Leather, 28 pp. 31 figs. 

Linen Manufactures, 16 
pp. 6 figs. 

Manures, 21 pp. 30 figs. 

Matches, 17 pp. 38 figs. 

Mordants, 13 pp. 

Narcotics, 47 pp. 

Nuts, 10 pp. 

Oils and Fatty Sub- 
stances, 125 pp. 

Paint 

Paper, 26 pp. 23 figs. 

Paraffin, 8 pp. figs. 

Pearl and Coral, 8 pp. 

Perfumes, 10 pp. 



figs. 
Fabrics — 



Photography, 13 pp. 20 

figs. 
Pigments, 9 pp. 6 figs. 
Pottery, 46 pp. 57 figs. 
Printing and Engraving, 

20 pp. 8 figs. 
Rags. 
Resinous and Gummy 

Substances, 75 pp. 16 

figs. 
Rope, 16 pp. 17 figs. 
Salt, 31 pp. 23 figs. 
Silk, 8 pp. 
Silk Manufactures, 9 pp. 

II figs. 
Skins, 5 pp. 
Small Wares, 4 pp. 
Soap and Glycerine, 39 

pp. 45 figs. 
Spices, 10 pp. 
Sponge, S pp. 
Starch, 9 pp. 10 figs. 
Sugar, 155 pp. 134 

figs. 
Sulphur. 
Tannin, 18 pp. 
Tea, 12 pp. 
Timber, 13 pp. 
Varnish, 15 pp. 
Vinegar, S pp. 
Wax, S pp. 
Wool, 2 pp. 
Woollen Manufactures, 

58 pp. 39 figs. 



London : E. & F. X. SPOX, 126, Strand* 

New York : 85, Murray Street* 



Crown 8vo, cloth, with illustrations, 5^. 

WORKSHOP RECEIPTS, 

FIRST SERIES. 

By ERNEST SPON. 



Synopsis of Content* 



Bookbinding. 

Bronzes and Bronzing. 

Candles. 

Cement. 

Cleaning. 

Colourwashing. 

Concretes. 

Dipping Acids. 

Drawing Office Details. 

Drying Oils. 

Dynamite. 

Electro - Metallurgy — 
(Cleaning, Dipping, 
Scratch-brushing, Bat- 
teries, Baths, and 
Deposits of every 
description). 

Enamels. 

Engraving on Wood, 
Copper, Gold, Silver, 
Steel, and Stone. 

Etchmg and Aqua Tint. 

Firework Making — 
(Rockets, Stars, Rains, 
Gerbes, Jets, Tour- 
billons, Candles, Fires, 
LancesjLights, Wheels, 
Fire-balloons, and 
minor Fireworks). 

Fluxes. 

Foundry Mixtures. 



Freezing. 

Fulminates. 

Furniture Creams, Oils, 
Polishes, Lacquers, 
and Pastes. 

Gilding. 

Glass Cutting, Cleaning, 
Frosting, Drilling, 
Darkening,. Bending, 
Staining, and Paint- 
ing. 

Glass Making. 

Glues. 

Gold. 

Graining. 

Gums. 

Gun Cotton. 

Gunpowder. 

Horn Working. 

Indiarubber. 

Japans, Japanning, and 
kindred processes. 

Lacquers. 

Lathing. 

Lubricants. 

Marble Working. 

Matches. 

Mortars. 

Nitro-Glyceiine. 

Oils. 



j Paper. 

Paper Hanging. 

Painting in Oils, in Water 
Colours, as well as 
Fresco, House, Trans- 
parency, Sign, and 
Carriage Painting. 

Photography. 

Plastering. 

Polishes. 

Pottery— (Clays, Bodies, 
Glazes, Colours, Oils, 
Stains, Fluxes, Ena- 
mels, and Lustres). 

Scouring. 

Silvering. 

Soap. 

Solders. 

Tanning. 

Taxidermy. 

Tempering Metals. 

Treating Horn, Mother- 
o*-Pearl, and like sub- 
stances. 

Varnishes, Manufacture 
and Use of. 

Veneering. 

Washing. 

Waterproofing. 

Welding. 



Besides Receipts relating to the lesser Technological matters and processes, 
such as the manufacture and use of Stencil Plates, Blacking, Crayons, Paste, 
Putty, Wax, Size, Alloys, Catgut, Tunbridge Ware, Picture Frame and 
Architectural Mouldings, Compos, Cameos, and others too numerous to 
mention. 



London: E. & F. N. SPOX, 126, Strand. 

New York : 35, Mtirray Street. 



Crown 8vo, cloth, 485 pages, with illustrations, 5j. 

WORKSHOP RECEIPTS, 

SECOND SERIES. 

By ROBERT HALDANE. 



Synopsis of Contents. 



Addimetry and- Alkali- 
metry. 
Albumen. 
Alcohol. » 
Alkaloids. 
Baking-powders. 
Bitters. 
Bleaching. 
Boiler Incrustations. 
Cements and Lutes. 
Cleansing. 
Confectionery. 
Copying. 



Disinfectants. 

Dyeing, Staining, and 

Colouring. 
Essences. 
Extracts. 
Fireproofing. 
Gelatine, Glue, and Size. 
Glycerine. 
Gut. 
Hydrogen peroxide. 

Iodine. 
Iodoform. 



Isinglass. 

Ivory substitutes. 

Leather. 

Luminous bodies. 

Magnesia. 

Matches. 

Paper. 

Parchment. 

Perchloric acid. 

Potassium oxalate. 

Preserving. 



Pign^ients, Paint, and Painting : embracing the preparation of 
PignuntSy including alumina lakes, blacks (animal, bone, Frankfort, ivory, 
lamp, sight, soot), blues (antimony, Antwerp, cobalt, cœruleum, Egyptian, 
manganate, Paris, Peligot, Prussian, smalt, ultramarine), browns (bistre, 
hinau, sepia, sienna, umber, Vandyke), greens (baryta, Brighton, Brunswick, 
chrome, cobalt, Douglas, emerald, manganese, mitis, moimtain, Prussian, 
sap, Scheele's, Schweinfurth, titanium, verdigris, zinc), reds (Brazilwood lake, 
carminated lake, carmine, Cassius purple, cobalt pink, cochineal lake, colco- 
thar, Indian red, madder lake, red chalk, red lead, vermilion), whites (alum, 
baryta, Chinese, lead sulphate, white lead — ^by American, Dutch, French, 
German, Kremnitz, and Pattinson processes, precautions in making, and 
composition of commercial samples — whiting, Wilkinson's white, zinc white), 
yellows (chrome, gamboge, Naples, orpiment, realgar, yellow lakes) ; Paint 
(vehicles, testing oils, driers, grinding, storing, applying, priming, .dr3dng, 
filling, coats, brushes, surface, water-colours, removmg smell, discoloration ; 
miscellaneous paints — cement paint for carton-pierre, copper paint, gold paint, 
iron paint, lime paints, silicated paints, steatite paint, transparent paints, 
tungsten paints, window paint, zinc paints) ; Painting (general instructions, 
proportions of ingredients, measuring paint work ; carriage painting — priming 
paint, best putty, finishing colour, cause of cracking, mixing the paints, oils, 
driers, and colours, varnishing, importance of washing vehicles, re-varnishing, 
how to dry paint ; woodwork painting). 



London : E. & F. N. SPON, 126, Strand. 
New York : 35, Murray Street. 
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Crown Sto, doth, 480 pages, with 183 illustrations, 5/. 

WORKSHOP RECEIPTS, 

THIRD SERIES. 

By C, G. WARNFORD LOCK. 
TTnifomi with the Xlrst and Second Series. 

Synopsis of Cohtknts. - 



Alloys. 


Indium. 


Rubidium. 




Iridium. 


Ruthenium. 


Antimony. 


Iron and Steel. 


Selenium. 


Barium. 


Lacquers aiid Lacquering. 


SUver. 


Béryllium. 


Lanthanum. 


Slag. 


Bismuth. 


Lead. 


Sodium. 


Cadmium. 


Lithium. 


Strontium. 


Caesium. 


Lubricants. 


Tantalum. 


Calcium. 


Magnesium. 


Terbium. 


Cerium. 


Manganese. 


Thallium. 


Chromium. 


Mercury. 


Thorium. 


Cobalt. 


Mica. 


Tin. 


Copper. 


Molybdenum. 


Titanium< 


Didymium. 


Nickel. 


Tungsten. 


Electrics. 


Niobium. 


Uranium. 


Enamels and Glazes. 


Osmium. 


Vanadium. 


Erbium. 


Palladium. 


Yttrium. 


Gallium. 


Platinum. 


Zinc 


Glass. 


Potassium. 


Zirconium* 


Gold. 


Rhodium. 





liondon: E. & F. N. SPON, 126, Strand* 

New Tork : 85 Miirrsy Street. 



WORKSHOP RECEIPTS, 

FOURTH SERIES, 

DEVOTED MAINLY TO HANDICRAFTS & MECHANICAL SUBJECTS. 

By C. G. WARNFORD LOCK. 
260 ninBtrations, with Complete Index, ft a General Index to the Four Seriee. 



Waterproofing — rubber goods, cuprammonimn processes, miscellaneous 

preparations. 
Packing and Storing articles of delicate odoor or colour, of a deliquescent 

character, liable to ignition, apt to suffer from insects or damp, or easily 

broken. 
Embalming and Preserving anatomical specimens. 
Leather Polishes. 
Cooling Air and Water, producing low temperatures, making ice, cooling 

syrups and solutions, and separating salts from liquors by refrigeration. 
Pumps and Siphons, embracing every useful contrivance for raising and 

supplying water on a moderate scale, and moving corrosive, tenacious, 

and other liquids. 
Desiccating — air- and water-ovens, and other appliances for drying natural 

and artificial products. 
Distilling — water, tinctures, extracts, pharmaceutical preparations, essences, 

perfumes, and alcoholic liquids. 
Emulsifying as required by pharmacists and photographers. 
Evaporating — saline and other solutions, and liquids demanding special 

precautions. 
Filtering — water, and solutions of various kinds. 
Percolating and Macerating. 
Electrotyping. 

Stereotyping by both plaster and paper processes. 
Bookbinding in all its details. 

Straw Plaiting and the fabrication of baskets, matting, etc. 
Musical Instruments — the preservation, tuning, and repair of pianos, 

harmoniums, musical boxes, etc. 
Clock and Watch Mending — adapted for intelligent amateurs. 
Photography — recent development in rapid processes, handy apparatus, 

numerous recipes for sensitizing and developing solutions, and applica- 
tions to modem illustrative purposes. 



London : E. & F. N. SFON, 126, Strand. 
New Tork : 35, Murray Street. 



aUSX P17B1L.ISHJBI>. 

In demy 8vo, cloth, 600 pages, and 1420 Illustrations, 61. 

SPONS' 
MECHANIC'S OWN BOOK; 

A MANUAL FOR HANDICRAFTSMEN AND AMATEURS. 



Contents. 

Mechanical Drawing — Casting and Founding in Iron, Brass, Bronze, 
and other Alloys — Forging and Finishing Iron — Sheetmetal Working 
— Soldering, Brazing, and Burning — Carpentry and Joinery, embracing 
descriptions of some 400 Woods, over 200 Illustrations of Tools and 
their uses. Explanations (with Diagrams) of 116 joints and hinges, and 
Details of Construction of Workshop appliances, rough furniture, 
Garden and Yard Erections, and House Building — Cabinet-Making 
and Veneering — Carving and Fretcutting — Upholstery — Painting, 
Graining, and Marbling — Staining Furniture, Woods, Floors, and 
Fittings — Gilding, dead and bright, on various grounds — Polishing 
Marble, Metals, and Wood — ^Varnishing — Mechanical movements, 
illustrating contrivances for transmitting motion — Turning in Wood 
and Metals — Masonry, embracing Stonework, Brickwork, Terracotta, 
and Concrete — Roofing with Thatch, Tiles, Slates, Felt, Zinc, &c. — 
Glazing with and without putty, and lead glazing — Plastering and 
Whitewashing — Paper-hanging— Gas-fitting — Bell-hanging, ordinary 
and electric Systems — Lighting — Warming — Ventilating — Roads, 
Pavements, and Bridges — Hedges, Ditches, and Drains — Water 
Supply and Sanitation —Hints on House Construction suited to new 
countries. 



London: E. & F. N. SPOlir, 126, Strand. 

New Tork : 85> Murray Street. 
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